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PEEFACE. 

WiTHm the last forty years several works on the 
Cambridge Mathematical Studies have been produced 
by members of the University who had taken an active 
paxt in improving and extending them either by teach- 
ing or writing, and were in other ways well qualified 
to form a correct opinion respecting their character and 
tendency. These works were specially called for in 
consequence of various changes which it had been 
thought desirable to make in the system of University 
instruction, in respect both to the modes of teaching 
, and examining, and the subjects taught. In the year 
1837 a work was published by Whewell entitled " On 
the principles of English University Education/' and 
in 1845 another of like character was produced by the 
same author, the full title of which is, *' Of a Liberal 
Education in general, with particular reference to the 
leading studies of the University of Cambridge." As 
might be expected from the titles, so much of these 
works as is devoted to mathematical studies treats 
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of them mainly as editcational means ; and accordingly 
very much is said about the superiority in this respect 
of reasoning by geometry above reasoning by analytical 
symbols, and no account is taken of analytics as an 
instrument of physical research. In 1833 Professor 
Sedgwick published "A Discourse on the Studies of 
the University/' which in 1850 was re-published with 
Additions consisting of a very long Preface and Appen- 
dices, which, in fact, constitute by far the greatest part 
of the volume. The occasional remarks, contained in 
the latter publication, relative to mathematical stu- 
dies, I consider to be peculiarly apposite, especially as 
regards what the author calls " The Newtonian Sys- 
tem of Philosophy," and its relation to results obtained 
solely by experiment or observation. These views, 
however, refer only to Physical Astronomy. At a date 
somewhat later a pamphlet entitled "Remarks on 
the Mathematical Teaching of the University of Cam- 
bridge " was produced by Hopkins, who, by his experi- 
ence both as a private tutor and as a cultivator of 
applied mathematics, was eminently qualified to speak 
on the subjects he took in hand. The pamphlet bears 
no date, but as it is stated on the Title-page that the 
author was at the time President of the British Associ- 
ation, it must have been circulated in 1853 or 1854. 
The matters it treats of are almost exclusively re- 
stricted to the means of teaching mathematics by pri- 
vate tuition, and by the Lectures of College Tutors 
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and University Professors, and on these points valuable 
suggestions are thrown out, which were afterwards to a 
considerable extent carried into effect. The suggestions 
had special reference to the Report of the Cambridge 
University Commission issued in 1852. 

Since the last-mentioned date various changes have 
been made in the Scheme of Examination of Candidates 
for Mathematical Honours, the most important of which 
are those which were confirmed by Grace of the Senate 
on June 2, 1868, the principal effect of which was to 
sanction the introduction into the Examination of a 
wider range of questions in experimental and theo- 
retical physics. Taking this circumstance into account, 
together with the limited character, as shewn by the 
foregoing statements, of the discussions which the 
Cambridge Mathematical Studies have hitherto under- 
gone, I thought the time was come when they might 
with advantage be brought again under review, both as 
. regards the principles and the reasoning adopted in 
the treatment of the several subjects, and as to their 
relation to modem advances in physical science. I 
may claim, I think, to have some pretensions for enter- 
ing upon this undertaking, from having had to do with 
the study of mathematics as pupil, lecturer, examiner, 
or professor, during more than half a century, and 
having spent much time and thought on independent 
mathematical and physical researches. 

Accordingly the contents of this publication consist 
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for the most part of arguments relating to the princi- 
pies and processes of reasoning that are legitimate and 
necessary both in applied mathematics and physics, 
with prospective reference to the fundamental hypo- 
theses of the Newtonian System of Philosophy, and to 
the methods of deducing from them by mathematical 
reasoning results that might be compared with modern 
experiments and observation. The questions considered 
are generally such as involve points of difficulty which, 
as having respect to principle, require to be cleared up 
before farther advances can be securely made, and the 
arguments employed to meet the difficulties are ex- 
hibited in as much detail as was practicable in a pub- 
lication like the present; but generally the reader is 
referred for the details of arguments to my work on 
The Principles of Mathematics and Physics published 
in 1869, and to the supplementary Essay on the Mathe- 
Tnatical Principles of Physics ^ published in 1873. I 
have had occasion also to cite for the same purpose 
communications in the Philosophical Magazine^ espe- 
cially some written after the publication of the former 
work. It will be proper to mention here that the first 
of the two above-mentioned works is uniformly cited in 
the Remarks, for the sake of brevity, as ^ Principles ' 
with numbers added indicating pages, and the other as 
* Essay ' with indications of articles. 

In publishing the present work I have also had 
a motive of a personal kind, which I beg leave to take 
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this opportunity for stating. In February of next year 
I shall have completed the fortieth year of my tenure 
of the Plumian Professorship. In the ordinary course 
of nature I can expect to be able to continue but a 
short time longer the discharge of its duties, and I 
really think that the time is come when in respect 
to lecturing and examining, which are more suited to 
younger men, I may ask to be allowed to take the 
place of Professor Emeritus. I make this suggestion 
with the less hesitation because I feel that I am stiU 
able to devote my time to writing and publishing, and 
may hope thereby to contribute something both to the 
advancement of Natural Philosophy, and to giving a 
proper direction to the Mathematical Studies of this 
University> My plea is (1) that at the present time 
Natural Philosophy stands in no greater need, whether 
as regards the teaching of it, or its advancement, than 
that of being placed on the basis of the principles in- 
sisted upon by Newton in the Third Book of the Prin- 
cipia ; and (2) that hitherto no one besides myself has 
undertaken to supply this need. (See what I have 
urged in pp. 86 and 87.) It is hoped that this brief 
publication may suffice to give the Authorities of the 
University and Members of the Senate the means of 
forming an opinion on these two points, and may in- 
duce them to determine, if it should be in their 
power, whether my being engaged in the way I pro- 
pose in advancing Experimental Philosophy as distinct 
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from Experimental Physics, may be taken to be, under 
existing circumstances, a discharge in full of the duties 
of the Professorship. I certainly think that in any 
new arrangements that the University may make re- 
specting the Professoriate, it would be well to provide, 
if practicable, that a Professor who for a long time has 
performed the prescribed duties of his ofl&ce, should 
be allowed to devote himself wholly to original re- 
searchf after giving reasonable evidence of his willing- 
ness and ability to do so. 

Cambridge, 

Noveiriber 4, 1875. 



EKRATUM. 
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Page 40 line 25, fm' f(r) -| read f(r) = ^. 
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&c. 

As contributing to the main purpose of this publication, I 
propose to commence with giving a brief account of the Cam- 
bridge Mathematical Studies during the interval over which 
my acquaintance with them has extended, with reference both 
to the subjects taught, and to the books and lectures that have 
conduced to the teaching. I do not see how I can better do 
this, than by adducing in the first instance the following 
extracts from the first Report made to the University by 
the Board of Mathenaatical Studies, the date of which is 
May 19, 1849 : 

"No precise information, excepting so much as can be 
gathered from the published Problem Papers, can be obtained 
respecting the questions proposed to the Candidates for Honours 
before 1828, when the practice of printing all the questions was 
commenced. The character of the questions seems to have been 
determined by a few standard original works, and by the 
English elementary treatises in common use, which, though 
admirable as models of sound reasoning, certainly fell behind 
the progress of mathematics on the Continent. The principles 
of Analytical Calculation, published by Professor Woodhouse in 
1803, and his Plane and Spherical Trigonometry published in 
1809, are the earliest indications of the introduction of more of 
the analytical element into the mathematics of the University. 
But the most decided impulse in that direction was given by 
the translation of the Differential and Integral Calculus of 
Lacroix [8vo ed.] by Hei-schel, Peacock, and Babbage, in 1817, 

CH. 1 



2 CAMBRIDGE MATHEMATICAL STUDIES, 

followed by Peacock's Examples to the Differential arid Integral 
CalculuSy and Herschers to the Calculus of Finite Differences, in 
1820. The symbol of diflferentiation, first used in an Examina- 
tion Paper in 1817, had already in 1819 superseded the symbol 
of the Fluadonal Calculus, A like impulse as to the extent and 
character of the questions proposed in Applied Mathematics 
was given by the publication of Whewell's Mechanics (1819), 
Whewell's Dynamics (1823), Coddington^s Optics (1823), and 
Woodhouse's Plane Astronomy (1821 — 1823). The first edition 
of Airy's Tracts was published in 1826, containing the Lunar 
Theoiy, the Figure of the Earth, Precession and Nutation, and 
the Calculus of Variations. All these subjects soon found their 
way into the Examination Papers. Woodhouse*s Physical 
Astronomy, and his Treatise on Isoperimetrical Problems, had 
already appeared, but, not being composed in a form adapted 
to the University system of examinations, had not made a 
general impression. Analytical Geometry, which had only 
been read in French Treatises by the more^ advanced students, 
gained a decided footing after the publication of Hamilton's 
Analytical Geometry (1826), and Hymers' Analytical Oeometry 
of Three Dimensions (1830), and now holds a prominent place 
in the examinations. Mr Airy, on being appointed Lucasian 
Professor in 1826, commenced a course of Lectures in Ex- 
perimental Philosophy, which he continued (1828) as Plumian 
Professor. These Lectures had the effect of raising in a very 
important degree the standard of information among our 
students, and exciting their interest in classes of phenomena 
till then little known in the University. In 1830 Professor 
Airy began the practice (now fully established) of publishing 
the questions proposed to the candidates for Dr Smith's 
Mathematical Prizes. In several instances, new classes of 
questions, introduced for the first time into the Smith's Prize 
Examination, were shortly after admitted into the examinations 
of the candidates for Honours. Peacock's Treatise on Algebra 
(1880) had the effect of directing the attention pf the students 
to the principles of Symbolic Calculation. The second edition 
of Airy's Tracts was published in 1831, containing, in addition 
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to the matter in that of 1826, the Planetary Theory, and the 
XJndulatory Theory of Light, the latter of which had already 
been exemplified in his Lectures. From that time questions 
in each of those two subjects appear in the papers in con- 
siderable numbers. About the same time, and more recently, 
there occur questions in Analytical Hydrodynamics, Definite 
Integrals, Laplace's Coefficients, and, sparingly, in the Ma- 
thematical Theories of Electricity, Magnetism, and Heat. Very 
little accession of new matter has taken place in the last ten 
years [1839 — 1849], during which the character of the [Tripos] 
examination with respect to the subjects it includes may be 
asserted to have been nearly stationary." 

The Report then goes on to say that " in taking the fore- 
going retrospect it is satisfactory to remark that the more 
important innovations in the subjects of examination, and in 
the modes of treating them, receive a kind of sanction by 
having originated in works written flby members of our body 
whose names are closely connected with the scientific reputa- 
tion of the country." Respecting the books that came into 
use, it states that " the introduction of each new subject was 
generally preceded by the publication of a treatise on the 
subject by a Cambridge mathematician, in which the Propo- 
sitions were enunciated and proved in a manner suitable to 
the established system of examination," and that "on the 
different branches of Pure Mathematics and Natural Phi- 
losophy which constitute the present mathematical course, 
there is a considemble number of English works which are 
well adapted to convey exact knowledge of the subjects, and 
at the same time to facilitate the preparation of the students 
for the examinations." This, which was said in 1849, is not 
less applicable to the books in use at the present time. 

Respecting the Lectures of the Mathematical Professors, 
the Report gives the following particulars. "The Lectures 
begun by Professor Airy twenty-three years ago, embraced 
Mechanics, Hydrostatics and Pneumatics, Geometrical Optics, 
and the Theory of Light. Lectures on the last four subjects 
have been continued by the present Plumian Professor since 

1—2 
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1837, at which time also the Lowndean Professor [Dr Peacock] 
began courses of Lectures alternately on Astronomy and 
Geometry. In 1843 the Plumian Professor added Practical 
Astronomy to his other subjects, the Lowndean Professor having 
discontinued his Astronomical Lectures. The Lectures of the 
Plumian Professor have had the disadvantage of being given 
at a time when increasing activity in Astronomical Science 
demanded extraordinary attention to his duties at the Ob- 
servatory Since 1838 the Jacksonian Professor has given 

annually a course of Lectures on Mechanism, and in the 
present year [1849] has added to these a series of experimental 
and illustrative Lectures on Mechanics." To this account it 
will suflSce for my purpose to add here that I gave up the 
Lectures on Hydrostatics and Pneumatics, Geometrical Optics, 
and the Theory of Light, on the appointment of Professor 
Stokes to the Lucasian Professorship in 1849, by whom Lec- 
tures on these subjects have been given from that date to the 
present time. I have continued the Lectures on Practical 
Astronomy; and Professor Adams, who was appointed Lown- 
dean Professor in 1858 and superintendent of the Observatory 
in 1861, has since the former date lectured on some branch 
o{ Physical Astronomy. 

I shall now proceed to make remarks on some of the par- 
ticulars of the foregoing resume; but before doing so I beg to 
<juote the following passage from a fly-sheet which I published 
on March 17, 1868, when the existing Eegulations for the 
Mathematical Tripos Examination were under discussion. 

"I take it for granted that the general object of the 
mathematical studies of the University is to exercise and 
strengthen the reasoning faculty, the proper use of which is 
a rare accomplishment. Our mathematical teaching and ex- 
aminations are directed to this object, not merely in the 
degree that may suffice for a general education, but with the 
view also of training the most talented students for taking 
part in the advancement of mathematical and physical science. 
If it were not so, why should they be induced to read Physical 
Astronomy and the Undulatory Theory of Light ? The ante- 
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cedents of this University and the general estimation in which 
science is held, especially now-a-days, alike demand that this 
end should be kept in view." 

Accordingly the aim of the subsequent remarks is to scru- 
tinize the principles, and the processes of reasoning, which 
have been adopted in the different departments of mathematics 
and physics, for the purpose of determining whether in the 
treatment of the questions there has been any admission of false 
principles, or any infraction of the rules of logic ; and if so, to 
endeavour to indicate the necessary corrections. 

In 1822, when I commenced the study of the Differential 
Calculus, the introduction of the analytical method of reason- 
ing was, as I well remember, still regarded with jealousy by 
the older mathematicians of the University, from the appre- 
hension that it was not susceptible of the rigid reasoning they 
considered to be characteristic of the geometrical method, 
especially as exemplified in Newton's Prindpia. This com- 
mendable scrupulosity was fostered by the exercises in the 
schools, which certainly had the good effect of practising the 
student in the application of rules of logic, and in the detection 
of flaws of reasoning. After the Fluxional Calculus had been 
superseded by the Differential Calculus, the mathematical pub- 
lications of the time were devoted to giving as much exactness 
as possible to the principles of the latter. This is especially 
to be seen in the notes (A) and (B) appended to the before- 
mentioned translation of the Differential and Integral Calculus 
of Lacroix, where the translators have quite logically derived 
the Differential Calculus from Lagrange's Calculus of Functions, 
this being, in fact, the only mode of derivation of that Calculus 
which is strictly legitimate (' Principles * p. 46). But I think 
that they are chargeable with sbnaei inconsistency in saying 
that in this manner "the Calculus may be established on prin- 
ciples which are entirely independent of infinitesimals or 
limits," inasmuch as reasoning on infinitesimals is that which 
essentially distinguishes the Differential Calculus from Alge- 
braic Calculus, and these mathematicians actually do not dis- 
pense with the consideration of indefinitely small quantities 
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in their method of deriving the Differential Calculus. I take 
occasion to remark here, that the Differential Calculus when 
derived from the Calculus of Functions is shewn to be inde- 
pendent of all concrete quantity whatever, and that on this 
account it is more logical than the Fluxional Calculus, which 
is needlessly complicated by involving the idea of motion, and, 
by consequence, the ideas of space and time. Strict logic 
demands that unnecessary elements should be discarded. 

The publication of Whewell's Mechanics and Dynamics 
(J.819 — 1823) did away with the illogical method of proviug 
the parallelogram of forces by means of bodies in motion, 
which had previously been adopted in English works. The 
pvoof he gave of that proposition by means of the lever, and 
Duchaylla's proof, are both perfectly legitimate, because both 
Best alike' on facts which constitute the fundamental principles 
of the Statics of rigid bodies. That given in Poisson's Traite 
de Mecanique by means of ftmctional expressions is liable 
tO' the objection that it does not distinctly indicate what are 
the necessary principles^ of Staticsi I have shewn that another 
proofy which may be inferred from the principle of Virtual 
Velocities, rests on the same fundamental facts as Whewell's 
and Duchayla's proofs, although this might not be readily seen 
to follow from the demonstration of that Principle given by 
Lagrange. (See the discussion of these points in * Principles' 
pp. 98—104) 

Peacock in his Treatise on Algebra speaks of "the principle 
of the permanence of equivalent forms," according to which, 
for example, a'^xa'* = a"***, whether the indices m and n be 
integral, fractional, or negative. Here, as in other instances 
which I shall have occasion to mention, the word "principle" 
is used to designate what is properly a " law", it being possible 
to arrive at a law of permanence of equivalent forms by 
reasoning from d priori principles, as is shewn in pp. 15 — 20 
of the work above cited. AH laws that are not self-evident 
admit of being proved by reasoning from ultimate principles ; 
but it is not possible to arrive at a principle by any process 
of reasoning, because all reasoning is founded on principles 
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either self-evident, or accepted on independent grounds, or ad- 
mitted conventionally. 

In Chap. XII. of the same treatise. Peacock discusses at 

great length the meaning and applications of the sign V— 1, 
and in particular the inferences that may be drawn from the 

expression A (cos ^ + V— 1 sin ^), on the supposition that it 
represents a straight line of length h inclined to a primitive 
line by the angle 0. This is in no sense the algebraic meaning 
of the expression, but on the contrary a meaning which is 
altogether arbitrary, or conventional. Let us take the case in 

which ^= Q, or the line is perpendicular to the primitive 

direction. Then the expression becomes h V— 1, and is to be 
interpreted as indicating a line of length h perpendicular to 

the primitive direction. Hence it is said that the symbol V— 1 
expresses 'perpendicularity. But it is particularly to be noticed 
that it has this meaning only by reason of the above-mentioned 
converdicm. The proper algebraic effect of that symbol is simply 
to denote impossibility, as may be shewn by the following 
argument. 

The equation of an h3rperbola referred to its centre as 
origin, and to axes of rectangulai* co-ordinates along and per- 

pendicular to its axis, being -| — ^ = 1> if we put a? = 0, we 

have y = ±b V— 1. Here the sjnnbol V— 1 has nothing to do 
with perpendicularity, but simply indicates that there is no 
ordinate, positive or negative, corresponding to the zero value 
of X. The general value of y given by the same equation is 



i(i-g'»v=i. 



in which V— 1 only serves to shew that there are no ordinates 
corresponding to values of the abscissa x less than a. More- 
over, as is known, the equation of the same hyperbola in 
oblique co-ordinates, referred to the same origin, is susceptible 

of the form —a- r;a = l; and for aj' = we have y=±b' v-1. 



8 CAMBBIDQE MATHEMATICAL STUDIES, 

which certainly does not mean perpendicularity, the ordinates 

being oblique. 

The algebraic signification of V— 1 has nothing arbitrary 
or conventional about it, but arises by a logical necessity out 
of the fundamental principles of algebraic calculation. This 
necessary signification ought to be carefully distinguished from 
any such conventional one as that I have given an instance of 
above. I insist on this the more from having noticed a tend- 
ency on the part of our students to confuse the two meanings, 
and to put them on the same footing, much to the detriment 
of exact appreciation of algebraic reasoning. On this account, 
before proceeding to other topics, I propose to discuss the 

origination and necessity of the symbol V— 1. 

It may be taken for granted that all the difierent forms 
of expressing quantity by means of letters, and all the symbols 
indicative of relations of quantities, and of operations per- 
formed upon them, have to be determined by abstract reason- 
ing prior to, and independent of, any application of the formulae 
to concrete quantity. I do not know of any kind of research 
which in the same degree demands the exercise of the faculty 
of pure reasoning, as that which is required for arriving at 
these determinations. I have gone into such researches, 
although scarcely with sufficient development, in those portions 
of the work already cited which are devoted to " The Principles 
of Arithmetic" and ''The Principles of Algebra" ('Principles' 
pp. 4 — 37). For the details of the various arguments there 
employed the work itself would have to be consulted ; but the 
arguments which bear immediately on the subject now under 
consideration, namely, the origin and logical necessity of the 
algebraic symbol of impossibility, are for the most part such 
as the following. 

The rules of calculation, or of pure reasoning on quantity 
(for the terms are equivalent), are necessarily derived, in the 
first instance, from the principles of Arithmetic, in which 
quantities are directly expressed by means of numbers, and 
their order as to magnitude is consequently indicated. These 
rules, so far as they are independent of particular numbers, 
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might be expressed generally by putting letters, as a, b, c, &c., 
in place of the numbers employed for proving the rules in 
arbitrarily selected instances. This would be general, or imi- 
versal, arithmetic. But the ultimate object of algebraic opera- 
tions is to find out unknown' quantities from certain given 
. conditions by which they are connected with known quantities. 
This necessitates operating according to arithmetic rules on 
quantities the order of the magnitudes of which is not known. 
It was not till about the beginning of the seventeenth century 
that it was discovered this could be done by means of the 
signs + arid — of addition and subtraction used according to 
certain rides. These rules of signs are in no respect arbitrary, 
but admit of being rigidly established by reasoning on the 
principle that they are to enable us to apply arithmetic rules 
of operation to quantity expressed as a — 6, whether a be 
greater or less than b. It is on this principle that the rules 
of signs in addition, subtraction, multiplication, and division 
are demonstrated in pages 21 — 25 of the before-named work, 
under the head of "Principles of Pure Calculation." 

The use of the signs + and — according to algebraic rule 
gives rise to an expression - a, which signifies that the real 
quantity a is afiected with the sign of subtraction. Quantity 
so expressed may without logical fault be called "negative 
quantity," because on substituting x for an vmknown quantity, 
the value of which we seek to find by the solution of an 
equation, there arises the necessity of admitting that x has 
not in all cases a real value, but may in certain cases answer 
the question by such negative quantity. Arithmetical rules 
applied to negative quantity necessitate such an expression as 

. V— a, or b V— 1, which, for a reason analogous to that just 
mentioned, may without logical impropriety be called " an 
impossible quantity," because if x be put for an unknown 
quantity, the value of which is to be found by the solution of 
an equation, it must now be admitted that the answer may be 
given either as a real quantity, or a negative quantity, or such 
impossible quantity. 

The rules for the treatment of indices integral and fractional 
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can only be deduced from arithmetical considerations. But after 
establishing the rules of operation with arithmetical indices, we 
may go on to the algebra of indices, and by processes of reason- 
ing analogous to those applied to ordinary algebra, prove, first, 
the necessity for negative indices, and then the necessity for 

impossible indices. In this way such expressions as e? and 
6"^^"^ may be reached antecedently to the application of algebra 
to geometry, or to any relations of time and space. 

When the rules of signs and of the operations with negative 
and impossible quantities have been established on abstract and 
necessary principles, it is provable that every algebraic function 
in which numbers are put for the letters is reducible to the form 

A + Bj—1, A and B being each either a positive or a negative 
numerical quantity. Hence when it is required to find an 
unknown quantity which shall satisfy certain conditions, and 
the relation between the quantity and the data of the question 
has been expressed by an equation, we know beforehand that 
the root of the equation which gives the answer to the question 
will take the above form. Consequently the question has no 
real answer positive or negative, unless in one at least of the 
roots the factor B be zero. Thus algebra not only gives the 
answer to a question whenever the answer is a real quantity 
positive or negative, but also is capable of directly indicating by 

means of the sjrmbol -7 — 1 that there is no such answer. 
Moreover in consequence of this property of indicating the 
impossibility of fulfilling certain proposed conditions, there 
exist means for determining within what limits of the con- 
ditions real answers are obtainable. Thus s/ — 1, as a symbol of 
impossibility, makes algebra a complete instrument for ob- 
taining quantitative information. 

I have gone through the foregoing discussion for the purpose 
of introducing the following general remark, which, as respects 
the logic of algebra, is of much importance. Negative and 
impossible quantities, and the rules of operating with them, so 
far as they are derived from the principle that algebra is 
essentially a means of applying arithmetical rules of reasoning 
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to quantities without knowing the order of their magnitudes, 
make up what may be caUed mcessary algebra, inasmuch as 
that principle is the sole and necessary foundation of Algebra. 
All uses of the same symbols of operation and quantity which 
are not referable to this fundamental principle, ought for dis- 
tinction to be put under the head of conventional algebra. 

I take occasion here to mention that after the analytical 
methods of reasoning had been fully adopted by Cambridge 
Mathematicians, there arose much speculation as to the uses 
and interpretation of the symbols of operation and quantity and 
of their combinations. For example, an abstract signification 
not derivable from the principles of arithmetical calculation, 
was attached to the signs + and — , so that in a particular 
instance of such speculation, these signs were reasoned upon 
without being attached to symbols of quantity, and expressions 

such as (+)"* and (— )*" were arrived at. Also, the conventional 
representation of a line in magnitude and direction was, by a 
kind of inverse logic, treated as a principle from which the rules 
of abstract algebraic operations were derived, and the con- 
sequent application of the symbol of impossibility to geometry, 
discussed in p. 7, was called " the geometrical representation of 
impossible quantity ; " whereas, as is argued above, the symbolic 
representation of impossible quantity is a logical deduction from 
the definition of Algebra apart from all geometrical considera- 
tions whatever. 

The publication of Peacock's Algebra in 1830, and more 
especially his " Report on certain Branches of Analysis " read at 
the Meeting of the British Association at Cambridge in 1833, 
seem to have had the efiect of bringing conventional Algebra 
into greater notice. I have already (p. 7) spoken of the con- 
ventional representation, in the former work, of a straight line 

in magnitude and direction by the formula h (cos O + J—lmiO), 
The report contains a variety of additional particulars and 
discussions relating to speculative Algebra, bringing down the 
history of this species of calculation to the above-mentioned 
date (1833). The same kind of analysis was much extended in 
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the year 1844 by the publication of Hamilton's Quaternions, 
and De Morgan's Triple Algebra, It would be beside my 
purpose to say anything about the applications, or the utility, 
of these different kinds of conventional Algebra ; but there is 
one remark relating to them which I think it important to 
make. Neither in the algebraic researches referred to above, 
nor in any work on Algebra with which I am acquainted, have 
I met with any recognition of the principle or definition already 
enunciated, namely, that Algebra is essentially a symbolic 
means of applying arithmetic rules of calculation to quantities 
the order of the magnitudes of which is not indicated. I think 
I am justified in saying, that the non-recognition of this prin- 
ciple, as the point of departure for determining the rules of 
signs in algebraic operations, has given occasion to the great 
amount of speculation that has been bestowed on negative and 
impossible quantities. Instead of restricting themselves to 
those applications of impossible quantities which arise out 
of the principle of their origination, and on that account are 
necessary, mathematicians have invented applications based 
upon conventional interpretations of formulae, and have thus 
created analytical processes which do not necessarily, or apart 
from limitations, conduct to true results. 

In pages 21 — 37 of the 'Principles* I have undertaken to 
discuss the principles, the proofs of the rules, and the derivation 
of formulae, in what I have called above " necessary Algebra,** 
with the view of shewing how they are independent of all that 
is conventional or arbitrary. It follows, assuming the arguments 
to be good, that all algebraic results deduced from the principles 
and processes there established are necessarily true, and that 
any which are not so deducible are untrue. Consequently 
results obtained by means of conventional Algebra cannot with 
certainty be pronounced to be true, till they have also been 
arrived at by the rules and operations of necessary Algebra. 
Moreover, with regard to the exercise of the reasoning faculty, 
it is evidently more profitable to ascertain and apply what 
is necessary and indispensable in algebraic principles and 
proofs, than to employ methods of reasoning which are 
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founded on conventions and on that account may be dispensed 
with. 

Pages 61 — 90 of the 'Principles* contain a dissertation on 
the Elements of Euclid, and generally on the application of the 
principles and rules of abstract calculation to geometry. With 
regard to the points there discussed, I propose to introduce here 
a few additional remarks bearing more expressly on the teach- 
ing of elementary geometry in the University. What is usually 
called "geometrical reasoning" is, in fact, reasoning on relations 
of space by means of special, or general, arithmetic combined 
with diagrams. After laying down the appropriate geometrical 
definitions, it is possible (as I have maintained in pages 70 — 88) 
to prove all the Propositions of Geometry by using numerical 
and literal symbols of quantity without having recourse to 
diagrams /or conducting the reasoning. In the first four Books 
of Euclid special arithmetical relations expressed as "double," 
*' half," &c., sometimes occur, but otherwise the reasoning is 
wholly conducted by diagrams. The fifth Book of Euclid is 
in principle general or universal arithmetic, algebra proper 
being excluded from it because straight lines are used as 
symbols of quantity instead of letters, and are taken as indi- 
cating by their lengths greater or less magnitude. In subse- 
quent Books the reasoning is conducted according to the rules 
of proportions in general arithmetic, as demonstrated in Book v, 
as well as according to the rules of special arithmetic, and by 
means of diagrams. 

If the definitions and axioms of Euclid be admitted, no 
fault can be found, so far as I can see, with the processes of 
reasoning, which, as exemplifications of logical rules, may, I 
think, be regarded as perfect. This is an important considera- 
tion as respects the character of the instruction given to our 
students, because, as they do not usually study formal logic, 
their knowledge of the rules of reasoning is acquired for the 
most part by reading Euclid ; and as this advantage is gained 
when the reasoning is conducted by diagrams much more 
effectually than by employing literal symbols, the study of the 
Elements of Euclid is by all means to be retained, even though, 
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as must be conceded, in point of rigidity there is actually no 
difference between the Geometrical and Analytical methods of 
reasoning. 

But, as is well known, there are questions relating to the 
Definitions and Axioms in Euclid which have been much dis- 
cussed, and on the answers to which geometers to this day 
have not come to agreement. On this account I thought it 
might contribute something towards the solution of the diflS- 
culties to state, that after long consideration of such questions 
I have arrived at the conclusion, that all the diversities of 
views have arisen from the non-recognition, both in the Ele- 
ments of Euclid, and in the discussions referred to, of the 
principle that all reasoning on quantity, whether abstract or 
concrete, rests on the perception of ratio, inclusive, of course, 
of equality. This is a logical necessity from which there is no 
escape. For this reason, in Geometry, or in any other science 
of concrete quantity, a definition which is distinctive of the 
science, and proper to be made a basis of reasoning, may legiti- 
mately contain terms expressing equality or ratio. For example, 
on this ground parallel lines may be defined as follows : " Lines 
in the same plane, which make equal angles towards the same 
parts with any line which meets them, are saiid to be parallel 
to each other." This definition is given in Art. 557 of Peacock's 
Algebra, and in a Note to Art. 145 he has remarked that the 
definition in Euclid, that "Parallel straight lines are in the 
same plane and being produced ever so far do not meet," re- 
quires to be supplemented by Axiom xii. This, however, is 
in no sense an axiom, but, as being capable of proof, is really 
a proposition. In the above-mentioned Note, Peacock has 
justly stated that if the foregoing definition of parallel lines 
be substituted for that in Euclid, "we should experience no 
difficulty in proving not merely the 12th axiom, but likewise 
any other proposition concerning them which is required for 
the purposes of Geometry," and that the definition in Euclid, 
treated as a proposition, "will then follow as a consequence". 
The truth of these assertions I have confirmed by arguments 
contained in * Principles * pages 61, 62, 64, and 65. For the 
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foregoing reasons I am of opinion that the 12th axiom is only 
applied in support of a needless and inappropriate definition of 
parallel lines, and that consequently both the definition and 
the axiom should be banished from Geometry. 

The following is another definition of parallel lines, framed 
on the same principles as that proposed above, and equally free 
from objection. We may say that two straight lines are parallel 
if every point of one is at the same distance from the other, 
the distance of a point from a straight line being defined (after 
Def. X of a perpendicular) to be the length of the perpendicular 
drawn to the straight line from the point. This definition of 
parallels is as legitimate as the other in respect to containing 
the idea of equality, and is equally adapted to call up in the 
mind the abstract idea of parallelism which we derive from 
external objects by means of the senses. Of the two definitions 
I consider the second to be preferable, because it can be ex- 
tended more readily than the other in such manner as to 
define the parallelism of a straight line to a plane, and that 
of one plane to another. I take occasion to remark here that 
what we liave to deal with in Geometry are abstract conceptions, 
derived from the indications of the senses, and that different 
definitions, so long as they bring to the mind the appropriate 
conception, are equally good. This may be said, for example, 
of the various ways in which it has been proposed to define 
a straight line, on which much needless discussion has been 
expended. 

A definition of similar rectilinear figures is given as Def I 
of Book VI, but because ratio as a fundamental idea is not 
admitted in Euclid, no general definition of similar figures, 
embracing those of which the boundaries are wholly or in part 
curvilinear, could be given. This is the reason that Definition 
XI of Book III is introduced to make good the logic of Prop. 
XXIII of that Book, although it is not really a definition, in- 
asmuch as it is deducible by reasoning from the general de- 
finition of similar forms. (See ' Principles * p. 63.) 

But the most noteworthy effect of the non-recognition of 
ratio as the fundamental idea of abstract calculation is to be 
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seen in the invention of Def. v of Book v, and the use made 
of it to prove propositions relating to prop(yrtion. That de- 
finition is, in fact, put in the place of a definition of proportion. 
But to shew that it is not really a definition^ it suffices to state, 
that if the conception of ratio be admitted to be, necessarily^ 
the basis of reasoning on quantity, and if proportion be con- 
sequently defined as the equaUty of two ratios, it is possible to 
give a demonstration of Def. V as if it were a proposition, 
and to prove, besides, all the Propositions of Book V which 
have relation to proportions. (The arguments here referred 
to are those, or at least such as those, given in ' Principles ' 
pages 8 — 13.) 

If it be objected that Def. V is necessary for proving Pro- 
positions I and XXXIII of Book vi, I reply that Prop, i is 
deducible by means of propositions in Book i from the Pro- 
position that rectangles having the same altitude are to each 
other as their bases, and that this Proposition is immediately 
founded on the conception of ratio, so that no argument can 
be interposed between its enunciation and the perception of 
its truth. In like manner the Proposition that in a given circle 
angles at the centre have to each other the same ratio as the 
circumferences on which they stand, does not admit of inter- 
vening steps of reasoning, being perceived immediately to be 
a consequence of the fundamental conception of ratio (see 
' Principles * p. 70), and from this self-evident proposition we 
may prove Prop, xxxiii without the aid of Def. V. 

From the foregoing considerations I draw the general con- 
clusion that the discussions which have arisen relative to certain 
points in the Elements of Euclid, all turn upon not recognizing 
the principle that the reasoning is necessarily founded on the 
conceptions of equality and ratio, whether as regards abstract 
quantities, or the relations of space ; for if that principle were 
adopted ah initio, we should be able, as is argued above, to 
get rid of the ordinary Definition of parallels, Axiom xii of 
Book I, Definition Xi of Book iii, and Definition v of Book v, 
which are mainly the portions of Euclid respecting which, not 
without reason, dissatisfaction has been felt. In case the basis 
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of the reasoning were thus changed, it would be necessary to 
substitute for Book v one in which the same propositions would 
be proved by reasoning with letters as symbols of quantity 
instead of straight lines, in the manner I have given examples 
of in ' Principles ' pages 8 — 14. The improvement of Geome- 
trical Teaching, to which so much attention has recently been 
given, would, I think, in this way be efifectually promoted, 
and the Elements of Euclid would not only be suitable for 
teaching the rules of logic, but would also become — what 
they are not at present — ^proper means of teaching Geometry 
logically. 

Recurring now to the historical r^sumS of the Cambridge 
mathematical studies given in pages 1 — 6, I propose next to 
advert to some special points relating to the reasoning in the 
Lunar and Planetary Theories, and in the Undulatory Theory 
of Light. These subjects have formed a part of our mathe- 
matical system of instruction and examinations mainly in con- 
sequence of the publication of the first, second, and third 
Editions of Airy's Tracts in 1826, 1831, and 1842 respectively. 
With regard to the analytical reasoning in the two former 
Theories, the point to which I shall chiefly direct attention 
is the occurrence of non-periodic terms admitting of indefinite 
increase in solutions which have been obtained by reasoning 
conducted in strict accordance with the rules of analysis, and 
at the same time satisfy exactly the given dififerential. equa- 
tions. Now, according to a rule universally applicable in 
concrete mathematics, no strict mathematical deduction from 
the premises can be without significance. Hence that analyti- 
cal circumstance is capable of, and must receive, interpretation. 
Are we to infer from it that the motion is necessarily non- 
periodic ? This question is answered by saying that these terms 
of indefinite increase do, in fact, prove that the general and exact 
solution of the Problem of Three Bodies, if obtainable, would 
include conditions under which the motion is non-periodic; 
but because it is found that such terms can be got rid of by 
certain analytical processes, which at the same time lead to 
formulae that satisfy the differential equations, it must be 

CH. 2 
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admitted that there are particular conditions (also included in 
the exact solution), under which the motion is wholly periodic, 
inasmuch as the latter analytical circumstance must be signifi- 
cant as well as the other. There are various processes by 
which terms of indefinite increase may be removed from the 
general solution, all resting on the principle of introducing 
arbitrarily the condition of periodicity. For instance, La- 
grange's method of the variation of parameters, which assumes 
that the instantaneous orbit is an ellipse, essentially rests on 
an hypothesis implying periodicity. I take occasion here to 
make the remark, that it is not correct to say that Lagrange's 
method gives an d priori proof of the stahility of the planetary 
system; it rather gives the means of obtaining formulae which 
apply only to a stable system, and thus of determining whether 
or not the planetary, or any other system the elements of which 
are known from observation, is actually stable. (See on the 
foregoing points 'Principles * pages 128 — 138.) 

There is another question pertaining to the analytical rea- 
soning in the Lunar and Planetary Theories, the character of 
which will, I think, be sufficiently understood from the follow- 
ing explanations. It will be assumed that the problem of the 
disturbance of elliptic motion by a third body whose orbit and 
motion are given, may be solved by integrating the differential 
equations, after suppressing the terms containing the disturbing 
forces, in order to obtain a first approximation to the values of 
the coordinates as functions of the time, and then, after sub- 
stituting these values in the suppressed terms, integrating again, 
and so on. Supposing, for the sake of simplicity, the central 
body, and the disturbing and disturbed bodies, to be in the same 
plane, the above process, however far continued, will introduce 
only the four arbitrary constants usually designated as a, e, e 
and -Bj. Also by the same process may be obtained a differential 
equation of the second order between r and ty the first integral 
of which is a diflferential equation of the first order and second 
degree between the same variables. The latter equation is 
that which is called (A) in ' Principles ' page 139. Now, as is 
there shewn, if we suppose the arbitrary constant e to vanish. 
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the equation (A) gives the remarkable result that the orbit 
is a circle whatever be the disturbing force. But it is evident 
that this result is an impossibility, and consequently a diffi- 
culty here presents itself, from which, if no solution of it can 
be found, the only logical conclusion is that the mathematical 
theory of gravitation fails. 

It is to be noticed that the above results are obtained before 
introducing into the equations the condition of periodicity, I 
have found, in fact, that the difficulty above stated, as well as 
the terms of indefinite increase which the same course of 
reasoning gives rise to, may be got rid of by introducing the 
condition that there shall be a mean orbit ; which may be done 
as follows. In the first place, the terms in the equation (A) 
which involve exclusively the longitude of the disturbing body 
may be suppressed, because they would have as much positive 
as negative value, and the movements due to them would 
consequently disappear in the mean orbit. (On this principle, 
in the usual treatment of the Planetary Theory, in order "to 
calculate accurately the secular variations, we may neglect the 
variations of short period." Airy's Planetary Theory, Art. 144.) 
The diflTerential equations altered on this principle then give by 
integration the mean orbit. It is thus found that the mean 
orbit is a revolving ellipse, such as Newton assumed it to be. 
Also if e^ be the eccentricity of the mean orbit, the investigation 

leads to the equation, e^=eQ+-^, e^ being an arbitrary con- 
stant, and m* the square of the ratio of the periodic times of the 
disturbed and disturbing bodies. ('Principles' p. 147.) The 
arbitrary constant e, introduced by the first integration, may be 
taken to be the actual eccentricity of an arbitrarily selected 
instantaneous ellipse, so that the difference between e^ and e 
vanishes with the disturbing force. Hence we may suppose 
that ^j = 6 (1 + km*), because if m be zero e^ = e, and if e^ be 
zero e vanishes whatever be m. Consequently if e and m be 
both small, as is the case when the three bodies are the Earth, 
the Moon, and the Sun, terms containing e' x m' may be 
neglected, and thus with sufficient approximation e^ = e\ Hence 

2—2 
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«' =^o'+ "o" • ^^ ^^^ ^^ suppose that m = 0, there would be no 

disturbing force, the actual and mean orbits would coincide, 
and as e* might have any arbitrary value between zero and 
unity, tlie same would be the case with respect to the arbitrary 
quantity e^. If on the other hand e^ the mean eccentricity be 
supposed to vanish, the orbit would necessarily always be a 
circle, we should have e = 0, and at the same time e^^ = and 

-^ = 0, the last equation shewing that the disturbing force 

vanishes. These results agree with the inferences already drawn 

from the equation (A), and also inform us that -^ is an inferior 

limit to the value of e*. Consequently the supposition that 
g = was illegitimate, and on that account led to an impossible 
result. In the case of the Moon, the inferior limit to the value 

of e^y namely —j= , happens to be very little less than the mean 

eccentricity of the Moon's orbit. 

The argument of which the leading points are stated above 
is given in full detail in 'Principles' pages 138 — 148, but con- 
tains some logical faults which I have here taken occasion to 
correct. I have not met with any recognition of the analytical 
circumstance that by the supposition e = the disturbing force 
is caused to vanish, neither have I been able to discover any 
other explanation of this peculiarity than that here offered. I 
am ready, however, to give attention to any other solution of 
the difficulty that might be proposed. The question thus raised 
as to the limits of the eccentricities of disturbed orbits is a 
novel and interesting one, and, as involving some delicate 
points of reasoning, I commend it to the consideration of 
mathematical students. 

The Undulatory Theory of Light, on which, so far as regards 
principles and reasoning, I now proceed to make remarks, differs 
from the subjects that have hitherto been under consideration 
in respect to being a branch of Physics. As such it can be 
treated mathematically only on hypothetical principles. The 
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following discussion relates exclusively to the hypotheses on 
which the Theory rests, and to the mathematical reasoning 
whereby the observed laws of light are proved to be con- 
sequences of the hypotheses. 

A theory of Light. caUed thB Emission Theory, differing 
altogether from the Undulatory Theory, has, as is well known, 
been also proposed. In that theory, very minute corpuscles 
emitted from luminous bodies by forces which communicate to 
them the amazing velocity of nearly 200,000 miles in a second, 
are supposed to cause the sensation of light by impinging with 
this velocity on the eye of the observer. According to the other 
Theory, on the contrary, the passage of light from one point to 
another is effected, not by the transmission of matter, but by 
the propagation, at the above-named rate, of a state ojf matter, 
namely, an undulatory state, proper, when it reaches the eye, 
for acting dynamically on the optic nerves and producing thus 
the sensation of light. In these respects Light would be under 
conditions exactly analogous to those of sound, the propagation 
of which through space is known to take place by means of 
aerial undulations, travelling at a rate much exceeding the 
velocity of the particles of air which immediately produce the 
sound. Newton in his ' Queries ' seems to have conceived of an 
action composed of both emission and undulation, but did not 
distinctly advocate an emission theory. Laplace, and, more 
expressly, Biot, treated of the laws of light according to the 
theory of emission, while Young upheld a theory of undula- 
tions. Sir John Herschel, after the publication of his valuable 
Article on Light in the Encyclopaedia Metropolitana, in which 
he enters into full details respecting the principles of both 
theories, was heard to express the opinion that the emission 
theory, if it had received the same amount of attention from 
physicists as the other, might have had equal claims to being 
accepted. It is hard at this day to understand how the emis- 
sion theory, considering the exceeding improbability of its 
hypotheses compared with those of the undulatory theory, 
should have held its ground so long. The main reason I believe 
to be that it was capable of being treated mathematically by 
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the same order of analysis as that which had been applied so 
successfully in physical astronomy, whereas the undulatory 
theory, properly so called, demands the solution of hydro- 
dynamical problems, and consequently the application of dif- 
ferential equations of a higher rank, as to the number of variables 
involved, than those which are employed in the theory of gravi- 
tation. To this point there will be occasion to recur. 

In the second edition of Airy's Tracts, published in 1831, 
the Undulatory Theory of Light is unreservedly accepted, 
although, as far as I remember, this view was not so ex- 
clusively maintained in the Experimental Lectures by which 
that publication was preceded. In what I propose to say on 
the Undulatory Theory I shall take the exhibition of it con- 
tained in Airy's Tracts (ed. of 1842) as representing sufficiently 
for my purpose its actual state, no important alteration or 
addition having been since made with respect to its principles 
and the mathematical reasoning by which it is supported. In 
the first place I make the remark, that it is a distinctive 
feature of the Undulatory Theory of Light, as now usually 
understood, that the phenomena of light are due to the oscil- 
lations of discrete particles. It ought, I think, on that account 
to be called an oscillatory theory, the term undulatory being 
from its etymology more properly applied to the vibratory 
movements of the elementary parts, in juxta-position, of a con- 
tinuoris medium, such as air or water. 

Again, the so-called undulatory theory is characterized by 
the condition that the vibratory motion is not, as in aerial 
undulations, in the line of its propagation, but in a direction 
transverse to that of the propagation. This law is a direct 
inference from experience, and in order to account for it theo- 
retically a special hypothesis has been adopted. It is supposed 
that the medium in which light is generated and transmitted 
has an isotropic constitution, that is, that it is composed of 
discrete particles so arranged, and in such manner reciprocally 
acted upon by forces emanating from them as centres, that 
a disturbance of the medium gives rise to motions transverse 
to the direction in which the effect of the disturbance is pro- 



AND THEIR RELATION TO MODERN PHYSICS. 23 

pagated. Now there is reason, I think, to say that the up- 
holders of this hypothesis sometimes regard the isotropic con- 
stitution as belonging to the medium (called the cether) which 
is assumed to be the vehicle of the transmission of light, and 
sometimes take the discrete particles to be the constituents of 
the substance, as for instance a crystal, which is traversed by 
the light. The omission to distinguish in this respect between 
the sether and the crystal has given rise to misconception as 
to the reasons for making the hypothesis of an isotropic 
medium. As far as regards a crystal there is reason from the 
facts of crystallography for supposing that it may be composed 
of discrete atoms arranged according to special geometrical 
conditions. But there are no such observational grounds for 
attributing an isotropic constitution to the sBther, so that the 
only evidence that can be adduced in support of this hypo- 
thesis must be drawn from a comparison of deductions from 
it with facts of experience. I propose, therefore, in the next 
place, to apply this test to the assumed isotropic constitution 
of the sether. 

Fresnel's Theory of Double Refraction, which rests on the 
hypothesis of discrete particles, or centres of force, isotropically 
arranged, is usually referred to as establishing, by the expla- 
nation it gives of phenomena, the truth of that hypothesis. 
But before arriving at this conclusion, it is to be taken into 
account that there are certain facts which that theory fails to 
explain, although, if true, it ought to be capable of explaining 
them. For instance, as is- admitted in Professor Stokes's 
Report on Double Refraction in the British Association Re- 
port for 1862, it does not account for the ''simple law", that 
" one of the rays of a doubly refracting medium, if propagated 
in a principal plane, is subject to the ordinary law of re- 
fraction"; neither does it decidedly determine whether the 
transverse vibrations of a polarized ray are in the plane of 
polarization or perpendicular to it. Moreover it may be said 
that although Fresnel's equation of the wave-surface, obtained 
on an isotropic, hypothesis, may be accepted as true, his Theory 
of Double Refraction, mechanically considered, is far from 
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being satisfactory. It becomes, therefore, a matter of essential 
importance to enquire why that theory is successful in some 
respects, while in others it fails. The answer I give to this 
enquiry is, that the hypothesis of an isotropic constitution is 
legitimate so far as regards the crystal, but not as regards 
the sether, and that the assumption of its application to the 
aether is the cause of the failures. To substantiate this view 
I proceed to adduce an argument the result of which is to 
shew the inapplicability of that hypothesis to the sether. 

In the work before spoken of (p. 22) as giving a sufficiently 
complete account of the actual state of the Oscillatory Theory 
of Light, I see nothing to object to in the treatment of the 
theory on the adopted hypotheses, the difficulties of the subject 
being there candidly stated, and the positive conclusions ar- 
rived at being legitimately deduced from the premises. In 
particular I admit it to be a strict deduction from the hypo- 
theses, that there are only three diCFerent kinds of light, ellipti- 
cally polarized, circularly polarized, and plane-polarized; or 
if the two latter be regarded as particular cases of the first, 
that, in fact, there is but one kind of light. Now as matter of 
experience there is another kind of light, called common, or non- 
polarized, light, which the oscillatory theory gives no account 
of. To prove that the theory fails at this point it is only 
required to mention the circumstance that in order to account 
for the existence of common light it has been found necessary 
to make a new hypothesis, dependent in no manner on the 
hypotheses of that theory, but made gratuitously pro hdc vice 
(Airy's Tracts, Undulatory Theory of Optics, Art. 183). But 
this is a step which is forbidden by an indubitable rule of 
logic. According to the theory there is no such light as 
common light, whereas the reality of such light is established 
by experience. Hence the theory is directly contradicted by 
fact. Consequently the only course that is logically correct is 
to conclude either that the reasoning from the premises of the 
theory is erroneous, or that the premises are either wi'ong or 
defective, and then to endeavour to find out where the fault 
lies. If, as I am prepared to admit, no fault can be found 
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in the reasoning, it is necessary to conclude that the error has 
its origin in the hypotheses of the oscillatory theory. It avails 
nothing to take into consideration the modifications of the 
above-mentioned additional hypothesis proposed by Professor 
Stokes (Camb. Phil. Transactions, Vol. ix p. 414), because 
the rule of logic referred to above forbids making any hypo- 
thesis whatever. 

If it be asked what is to be done under these circumstances, 
I should say at once that the oscillatory theory of discrete 
particles of the aether, being proved to be untenable, must be 
abandoned, and an endeavour be made to substitute another 
in its place. It may be asserted, as being a matter of scientific 
history, that the hypothesis of an aether so constituted that the 
law of the relation between its pressure and density is the 
same as that for air of given temperature, was departed from 
on account of difficulties arising from an inadequate know- 
ledge of the proper mathematical treatment of the motion of 
fluids. Consequently it was an obvious proceeding to endeavour 
to rectify and complete the principles of Hydrodynamics with 
the view of laying the foundation of a theory of light that 
is strictly undulatory. This course I took when as Plumian 
Professor I commenced (in the year 1837) giving lectures in 
Optics, and I have ever since continued to carry on researches 
in the same direction, regarding the settlement of the prin- 
ciples and reasoning in Hydrodynamics as necessary not only 
for framing a physical theory of light, but also for theoretical 
investigations in other departments of physics. Having made 
these remarks I propose next to enter into details respecting 
the efl:brts I have made to complete the mathematical prin- 
ciples of Hydrodynamics, and to state the results arrived at, 
especially with reference to their applications in theories of 
the physical forces. 

In Tom. VII of the Journal de VEcole Polytechnique Poisson 
has discussed the problem of the motion of a compressible 
fluid on the conditions that the velocity is in directions at 
right angles to a fixed plane and is a function of the time and 
the distance from the plane ; and from the differential equation 
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applicable to this case he deduces, on the supposition that the 
fluid is acted upon by no extraneous force, a particular solution 
which exactly satisfies the received general equations of Hydro- 
dynamics. From this solution I have obtained the absurd 
result that at the same distance from the plane the fluid may 
be at rest and in motion at the same moment (see 'Principles' 
pp. 193 — 197). According to the rules of Logic, this reductio 
ad absurdum proves either that the reasoning from the pre- 
mises is erroneous, or that the premises are either faulty or 
defective. Now there is no ground for asserting that there is 
any fault in the reasoning or in the premises, and it must, 
therefore, be concluded that the premises are defective. 

Poisson failed to draw this inference from his solution in 
consequence of his having obtained the rate of propagation of 
the motion by a method (previously employed by Lagrange) 
according to which the determination is made by assigning 
arbitrary limits to the initial disturbance. Thus a quantity 
not arbitrary, but depending only on the given elasticity of 
the fluid, was derived from arbitrary conditions. In place of 
this method, the principle of which is obviously wrong, I pro- 
posed, so long ago as 1829, one conducted by diflferentiation, 
the principle of which is now generally accepted. (See the 
solution of Proposition viil in * Principles' p. 189.) 

The above-stated hydrodynamical problem has also been 
discussed by Mr Eamshaw in a paper On the Mathematical 
Theory of Sound, contained in the Philosophical Transactions 
for 1860, p. 133. After obtaining, by reasoning differing only 
in notation froQi that of Poisson, the before-mentioned parti- 
cular solution, and applying to it the method of determining 
rate of propagation by differentiation, he makes the gratuitous 
assertion that the wave " will force its way in violation of our 
equations," and thus evades the above-mentioned redttctio ad 
absurdum to which I was conducted by the same process of 
reasoning. This assertion, which may be regarded as implicitly 
admitting an absurdity, is in agreement with conclusions pre- 
viously arrived at by Professor Stokes and the Astronomer 
Royal in their treatment of the same problem, and accordingly 
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after the publication of Mr Earnshaw's paper these two mathe- 
maticians expressed approval of his views. (See * Principles* pp. 
xxxii and xxxiii.) On the contrary I have maintained, I think 
not without reason, that Mr Earnshaw's dictum is a virtual 
surrender of the principle of applying mathematics to deter- 
mine the motion of a fluid, inasmuch as we have no means 
whatever of obtaining information respecting the motions of 
a fluid mass under given conditions other than by indications 
derived from " our equations". 

I take this opportunity to urge upon my junior mathe- 
matical contemporaries, whether engaged in studying, or in ad- 
vancing, pure and applied mathematics, the necessity of not 
admitting, or acquiescing in, the least deviation from the 
strict rules of logic. Mathematical reasoning, like all other 
reasoning, must be governed by logical rules. This, as I re- 
member, was a matter much and profitably attended to, when 
acts and opponencies were kept in the Schools, the very prin- 
ciple of these exercises being to apply the syllogism in mathe- 
matical reasoning. I am of opinion that there has since been a 
falling oflF in that respect in the Cambridge mathematical 
studies, and that advances into new and higher regions of 
mathematics and physics have not always been made secure by 
strictly logical methods. 

With respect to the problem mentioned above, I have 
inferred, as already stated, by a perfectly legitimate application 
of logical rules, from a solution of it obtained strictly according 
to the commonly received principles of Hydrodjmamics, that an 
absurd result is arrived at, which indicates that those principles 
are insufficient^ inasmuch as they cannot be shewn to be 
erroneous. In consequence of this conclusion the only course 
of enquiry that is open is to endeavour to discover in what way 
the principles may be supplemented. Accordingly I shall now 
proceed to exhibit the reasoning by which in my published 
works I have proposed to do this. It will be seen that this is a 
very critical enquiry when account is taken of the necessity, for 
the prosecution of theoretical physics, of determining the mo- 
tions and pressures of a compressible elastic fluid. On this 
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account the reasoning referred to will be given here in consider* 
able detail, and an endeavour will be made to state it with as 
much logical accuracy as possible. 

The motion of a fluid mass is distinguished from that of a 
solid by the peculiarity that the relative positions of its ele- 
mentary parts are susceptible of continual changes, whereas the 
parts of a solid continue in the same relative positions under all 
circumstances of the motion. In order to investigate generally 
and completely the motion of a fluid, it is necessary to begin 
with taking account of this distinguishing characteristic. This 
may be done by assuming as axiomatic that however varied and 
complex the motion may be, it must be subject to the abstract 
relations of space, if it be such as to admit of being calculated. 
Consequently, a surface conceived to be drawn in the fluid at a 
given instant so as to cut at right angles the directions of the 
motions of the particles through which it passes (which will be 
called a surface of displacement), must be continuous through 
either a finite, or an indefinitely small, extent. [For dynamical 
reasons two contiguous portions of the surface cannot make 
a finite angle with each other. See ' Principles ' p. 181 .] If now 
we represent the differential equation of this surface at any 
moment by (cZ'^)=0, the left-hand side being the complete 
differential with respect to space of an unknown function y]r, 
and if u, v, w be respectively the resolved parts, parallel to^ 
rectangular axes, of the velocity at the point xyz at the given 
moment, by Analytical Geometry we shall have u, v, w respec- 
tively proportional to the partial differential coefficients of yfr^ 
with respect to the coordinates x, y, z. Consequently, \ being 

another unknown function, {dyfr) =:-dx + -dy + -dz = 0. This 

result gives some information respecting the composition of the 
function yfr. But in order that the law of geometrical continuity 
may be satisfied by the motion of the fluid at all times, we have 
further to introduce the condition that a surface of displacement 
may be drawn through any given element in successive instants. 
This condition is expressed by the equation B{d^fr) = 0, the 
symbol of variation 8 having reference to the change of the 
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surface of displacement, both by the change of position of 
the given element and by the change of time. But since 

B{dylr) = {d . Zy\r)> it foU^ws that {d . S^^) = 0. Now Sf = (j^) St, 

f-~j representing the complete diflTerential coeflScient of -^ 

with respect to space and time. Hence by substitution, the 
constant factor St being omitted, 

the brackets having the significations already indicated. This 
equation I have called the Jirst general equation of Hydrody- 
namics. It expresses relations of space and time to which the 
motion is necessarily subject, independently of quantity of 
matter and the effects o{ force. 

It is needless to give here the known investigation of the 
general equation which is usually, but very improperly, called 
the equation of continuity, this designation applying only to 
the first general equation. The other, which I call the second 
general eqoiation, rests solely on the principle, or axiom, that, 
whatever be the motion, the quantity of matter remains the 
same, and it might, therefore, be named the equation of con- 
stancy of m^ass. It expresses generally relations of space, time, 
and quantity of matter to which the motion is necessarily sub- 
ject, but does not include /orce. 

The third general equation rests on D'Alembert's Principle 
(which is really an axiom), and expresses the mode in which 
the motion is subject to relations of space, time, quantity of 
mutter, and /orce, whether the force be intrinsic, or external to 
the fluid. 

The three general equations, with the equations w = \ -^ , 

v^\^, w = \-^ , and a given relation between the pressure 
ay az 

p and density p, are equal in number to the seven unknown 

quantities i/r, \, u, v, w, p, and p, and suffice, therefore, for 
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determining these quantities as functions of x, y, z, and t It 
might be possible to deduce from the seven equations a single 
differential equation containing the variables '^, x, y, Zy and t, 
yjr being the principal variable ; and this final equation ought 
to embrace all the laws of the motion that are independent 
of arbitrary conditions, and should also admit of being applied 
to any case of arbitrary disturbance. Now although this equa- 
tion would be far too complicated for integration, or for appli- 
cation to specific cases of motion, it is important to remark 
that the logic of its formation is perfect, first, because it is de- 
rived from equations equal in number to the number of the 
unknown quantities, and, again, because the three general equa- 
tions from which it is obtained rest on principles that are 
axiomatic. 

It will be proper to enunciate here for future use the follow- 
ing general Theorem respecting the application of analysis to 
physical questions. When the fundamental principles of any 
department of applied mathematics have been expressed in 
the form of differential equations, the solutions of the equations 
are coextensive with the consequences of the principles, so that 
there is no consequence which the solved equations do not 
embrace, and no positive analytical result of the solutions 
which does not admit of a real interpretation. This Theorem 
is applied in the following inferences from the first general 
equation. (See Appendix I.) 

By a first integration we have (-^) =x(0> ^^^ ^7 ^ second 

V^ ~ %i(0 + ^y Xi(f) ^^^^g an arbitrary function of the time, and 
c an arbitrary constant independent of the time. According 
to the above Theorem, it is necessary that this result should 
receive interpretation. We may, in fact, infer from it that 
the function yjr, so far as it depends only on relations of space 
and time, is susceptible of two kinds of value, one in which, 
by reason of the term X\i^)> ^^® values vary in an arbitrary 
manner with the time, and the other in which, that term being 
supposed to be zero, the function has arbitrary values which 
do not vary with the time. The first of these conditions 
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cannot be satisfied by the surface of displacement at every 
arbitrarily selected position, unless the value of yjr be finally 
expressed as a function both of the coordinates and the time, 
and the other cannot be satisfied unless the value of '\jr be 
finally expressed as a function of coordinates only. These two 
kinds of values of yjr correspond respectively to unsteady or 
vibratory motions, and to steady motions. The respective 
expressions can be obtained only by means of the second and 
third general equations. 

There is also another inference which may be drawn from 
the first general equation prior to taking into consideration the 
way in which the fluid is put in motion. Let us enquire, as 
plainly it is allowable to do, what will be the consequence 
of supposing udx + vdy+ wdz, or \ (dyfr), to be an exact differen- 
tial. First, it will follow that \ is a function of yft and t. 
Again, if V'^ be substituted for u^+v^+ w^, the equation 

f-^j =;^(<) may be put under the form 

and if 5 be the length of a trajectory to the surfaces of dis- 
placement drawn from one of them in a given position at a 

given instant, we shall have F=\ -~ . Hence by substituting 

this value of V in the above equation, it will be seen, since \ 
is a function of y^ and t, that the equation contains only the 
variables t/r, s and t Consequently its integral may be assumed 
to be '^^f{sy ^),/ representing a function of unknown form. 

Having obtained this result, I shall next enquire, for reasons 
that will appear subsequently, what are the conditions under 
which the function "^^ has at any time a maximum or minimum 
value. For this purpose we must, according to the Calculus 
of Variations, equate {h-y^) to zero. In that case 

^-J^ (&) = 0. 
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Now this equation is satisfied either if 

d .f(s, t) _^ 
ds " ' 

dyl/* 
or if (&) = 0. But the former factor is equal to -p , and, there- 
fore, if it vanishes, V= 0. As, however, no specified case of dis- 
turbance is under consideration, no inference respecting a maxi- 
mum or minimum value of -^ is derivable from a particular value 
of V. If, therefore, apart from arbitrary disturbances, there 
exists a general condition under which -^ is a maximum or 
minimum, this can only be inferred from the equation (&) = 0, 
Now the interpretation of this equation is, that the length (s) 
of the trajectory reckoned from a given surface of displacement 
is the same at a given instant for two contiguotis terminal 
points. But this cannot be the case, unless two contiguous 
trajectories, beginning, by hypothesis, in the given surface of 
displacement, also terminate in a common surface of displace- 
ment ; and that this condition may be fulfilled it is necessary 
that the trajectories be rectilinear. Hence the result of the 
enquiry is, that yjr may have a maximum or minimum value if 

udx + vdy + wdz 

be an exact diflTerential and the motion be rectilinear. This 
definite inference from the first general equation must, accord- 
ing to the Theorem previously enunciated, be significant in 
such manner that it cannot without error be left out of account 
in the subsequent reasoning. It is obvious that both the above- 
stated conditions will be satisfied if the motion be in straight 
lines drawn from a centre and the velocity be a function of 
the distance from the centre; and also if the motion be in 
parallel lines perpendicular to a fixed plane and the velocity 
be a function of the distance from the plane. But as such 
motions exist only as being produced by arbitrary circum- 
stances, they are not applicable to the present argument, which 
is prior to, and independent of, all arbitrary disturbances of 
the fluid. It would, however, be legitimate to assume that 
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tbe condition of rectilinearity is fulfilled by motion which takes 
place along a straight line by reason of spontaneous mutual 
action of the parts of the fluid, the straight line being relatively 
to the surrounding motion an aans, and that for the same 
motion udx + vdy + wdz is an exact diflBrential. Accordingly, 
our next step will be to enquire what would result from intro- 
ducing these conditions. 

Supposing the axis of the motion to be the axis of z,f to 
be a function of x and y only, and <j) a function of z and t only, 
the condition that motion shall take place along that axis 
would be introduced by supposing that 

{d .f<f)) = udx + vdi/ + wdz, 

and that for points on the axis /*= 1, -t-= 0, and ^ = 0. For 

^ -^ dx dy 

we should then have w = <^ -^ , v = ^ -^ , and w =f-^ > ^^^ 

since at all points of the axis the transverse motion would 
vanish, the motion would be wholly along the axis. Also since 
f^ has been substituted for '^, we shall have at any point of 

the axis v- = 0, and -—- = 0. Hence so far as -Jr is a function 
ax ay ^ 

of X and y, it may have a maximum or minimum value at each 
point of the axis, although by reason of the factor <^, the value 
might be diflferent at different points at a given time, and might 
vary at a given point with the time. In this way, neverthe- 
less, the assumed- motion relative to an axis is shewn to be in 
accordance with the inference drawn by the previous reasoning 
from the first general equation, namely, that -^ has a maximum 
or minimum value wherever the motion is spontaneously 
rectilinear and such that udx 4- vdy -f wdz is an exact differ- 
ential. This critical point being settled, we may proceed to apply 
the results in the case of a specified fluid, taking into account 
at the same time the second and third general equations. It 
will be supposed that the fluid is defined by the relation p = a^p 
between its pressure and its density. 

On the suppositions that (c?*^) = udx + vdy 4- wdz and that 

CH. 3 
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the fluid is acted upon by no extraneous force, the second and 
third general equations conduct by a first approximation to the 
known linear equation 

W^ te"^ dy"^ dz')' 

In order to take account of the foregoing inferences from 
the first general equation, we must substitute in this equation 
f(f} for yfr, f and ^ being functions respectively of x and y, and 
of z and t, as already defined. The result is 



df ~^ If da* ^fdif' ^ d^J • 



If we now assume that 

^ + ^±*y=0 (a), 

J* being an unknown constant, but not depending on any 
arbitrary initial circumstances of the motion, we shall have 
Igr combining the two equations 

^-«'S±»'*=» »■ 

Now the solutions of the equations (a) and {13) would give 
values of jTand <f> which accord with the suppositions that have 
already been made respecting the composition of these functions, 
and thus the legitimacy of the process which has conducted to 
the equations is confirmed. It is remarkable, moreover, that 
an expression for ^ in a form which is not arbitrary is derivable 
by a unique process from the equation (^). (The investiga- 
tion is given in * Principles * pp. 203 — 205.) If the upper of 

the signs i be taken, and e be substituted for y-g, the result 
of the investigation may be put under the form 

The lower sign would lead to a logarithmic expression for ^, 
and is thereby excluded, such an expression being analogous as 
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regards the present enquiry to an impossible root of an equa- 
tion. Also since for a point on the axis /= 1, we have for any 

such point -7^, + -r^ = — « > which equation decides that f, 

and by consequence /<!> or yjr, has a maximum value on the 
axis. This inference gives a precise answer to the enquiry 
commenced in p. 31. 

The equation (a) is of the same form as ()8), and in like 
manner admits of being satisfied in a unique manner by an 
integral the form of which is not arbitrary. I have ascertained 
that this integral is 

r being the distance from the axis. (' Principles' pp. 209 and 
210.) 

It is thus proved that the motion takes plaee in planes 
passing through the axis, and that at any point the velocity 

is ^-p in the direction transverse to the axis, and/-^ in any 

direction parallel to the axis. Also if 1 + <r be put for p, the 
density of the fluid at that point, we have, as is known, to 

the first approximation ^ = ~ '4 • ^ • Thus the motion and 

pressure are symmetrically disposed about the axis, and their 
values to the first approximation are completely determined. 
As we have been arguing antecedently to any data as to the 
mode of putting the fluid in motion, these results must be 
regarded as defining spontaneous laws of the mutual action of 
the parts of the fluid ; and since it is certain beforehand that 
such laws must be unique and definite, the fact that the 
above-mentioned results are of this character may be taken 
to be evidence of the truth of the reasoning whereby they 
were obtained. 

The expression for -^ , which is the velocity along the axis, is 
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Hence it follows that the rate of propagation has the same 
value, all-] 5 J , at every point of an undulation, and ac- 
cordingly it is not possible to fall into the before-mentioned 
absurdity of finding that the fluid may at a given position be 
at rest and have a maximum velocity at the same moment 
(see p. 26). The present argument has shewn that the sup- 
posed "violation" of the equations by the motion of the fluid 
was only a consequence of reasoning upon insufficient prin- 
ciples. 

6' . 
Since e, being equal to j— , , is necessarily positive, the rate 

of propagation exceeds by a certain quantity the value a ob- 
tained by Newton. Laplace, conceiving that the excess might 
be due to the action of heat, attempted to decide this point 
by an A priori theory of caloric action. Poisson, in place of 
the A priori argument, supposed that at each point of the 
wave the efiective accelerative force of the fluid is increased 
in a given ratio by the action of heat, and had recourse to facts 
of experiment for verification of this hypothesis. The experi- 
mental evidence is, however, unsatisfactory because it is drawn 
from compressions and dilatations of the air which were produced 
in closed spaces, and tells nothing as to what might take place 
in spaces not enclosed. By carrying on my hydrodynamical 
researches I ascertained that for the second and higher approxi- 
mations the rate of propagation had still quam proadme the 
same value ; and I also deduced, exclusively from the hydro- 
dynamical theory, a numerical value of the rate of propagation 
exceeding by 17*5 feet the value given by observation ('Prin- 
ciples' pp. 205, 206, and 214 — 224; also Philosophical Magazine 
for July 1865, p. 47). From these results, obtainable only by 
completing the principles of Hydrodjnaamics, it would appear 
that little or no efiect on the rate of propagation is attributable 
to the development and absorption of heat. 

From the foregoing argument another inference may be 
drawn of which an important application will be made in a 
subsequent part of this Essay. The argument has shewn the 
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possibility of deducing from the hydrodynamical equations 
particular laws of vibration of the fluid without reference to 
any specified mode of putting the fluid in motion. Vibrations 
of this class, which for distinction may be called primary^ must, 
according to the general theorem already several times cited, 
be taken account of in any case of vibratory motion produced 
in an arbitrary manner ; that is, according to this Theorem it 
is necessary to regard vibrations arbitrarily produced as com- 
posed of primary spontaneous vibrations. As far as concerns 
first approximations the laws and character of the composite 
motion would depend only on the principle of the coexistence 
of small vibrations ('Principles ' pp. 211—213). I have shewn 
how to extend the reasoning so far as to deduce formulae for 
the composite motion from expressions for the primary vibra- 
tions including terms of the second order (' Principles,' Prop. 
XVII. pp. 230—239.) 

In the foregoing discussion relative to the principles of 
Hydrodynamics, I have, for two reasons, gone into details of 
the analytical reasoning more fully than might seem to be 
appropriate to the character of the present publication; first, 
because the Theories of the Physical Forces I shall subsequently 
have to speak of depend essentially on the solution of hydro- 
dynamical problems ; and, again, because I had discovered that 
on some points, relating more especially to the first funda- 
mental equation, the analytical reasoning, as given in my 
work on the Principles of Mathematics and Physics, might be 
exhibited in a more logical form. This I consider that I have 
now succeeded in doing. 

There is also a general hydrodynamical theorem which is 
not expressly treated of in the above-mentioned work, although 
essential use is made of it in the hydrodynamical Theories of 
Galvanism and Magnetism ; on which account I take occasion 
to bring it under notice here. The theorem may |3e enunciated 
in the following terms. "It is not possible that the motion 
of an unlimited fluid mass can be such as to transfer any 
portion of the fluid from one side of an unlimited fixed plane 
to the other without the transfer of an equal portion across 
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the plane in the opposite direction." (See Art. 11 of a com- 
munication on the action of a Galvanic Coil in the number of 
the Philosophical Magazine for September 1874.) This is a 
general law which can be accounted for theoretically as follows. 
(See Art. 10 of a communication on the Hydrodynamical 
Theory of Magnetism in the Phil. Mag. for June, 1872.) It 
may readily be shewn that the acceleration of a mass unlimited 
in three dimensions by the action of a finite pressure on a 
finite surface is an infinitesimal quantity of the third order, 
and consequently that such pressure produces absolutely no 
movement of the entire mass whether in a finite or an in- 
finite interval of time. Hence if the mass be a fluid the 
displacement of any portion in the direction in which the 
pressure acts will immediately give rise to the displacement 
of an equal portion in the contrary direction. In other words, 
such pressures can produce no residual flow of the fluid across 
any plane perpendicular to the directions in which they act, 
and, therefore, no permanent transfer of fluid across any fixed 
plane whatever. To satisfy this condition the motion must 
either consist of vibrations whereby the particles are moved 
through equal spaces in opposite directions, or it must take 
place in circuits, or re-entering courses. The former condition 
is fulfilled by those vibratory motions which were found to 
result spontaneously from the mutual action of the parts of an 
elastic fluid the pressure of which varies as the density; and 
accordingly we may here perceive a reason why such motions 
exist independently of particular modes of disturbance. The 
other condition, as will afterwards appear, is exemplified 
in the hydrodynamical theories of galvanic and magnetic 
currents. 

Hitherto the reasoning has proceeded on the supposition 
that udx •\- vdy + wdz is an exact differential, in which case, 
as is known from geometrical considerations, straight lines 
drawn at a given instant in the directions of the motion in 
a given elementary particle converge to, or diverge from, focal 
lines, because, by hypothesis, they are normal to a continuous 
surface of displacement passing through the element. Hence 
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it follows that the element is undergoing change of form by 
the motion. 

.But we can conceive of the motion of a perfect incompressible 
fluid to be such, that its elementary parts do not change form 
while their relative positions are continually varying. For 
instance, this may be the case if the motion takes place in 
planes perpendicular to a fixed axis, and the velocity is some 
function of the distance from the axis. The fundamental pro- 
perty of separability of the parts of a fluid without sensible 
tangential tesistance, allows of supposing different infinitely thin 
cylindrical shells of fluid to revolve uniformly about a common 
axis with different velocities. Under these circumstances ele- 
mentary parts of the fluid of given forms continue to be of the 
same forms. The case will be the same if the shells be supposed 
to move uniformly parallel to the axis with velocities varying as 
some function of the distance from the axis. Both these are 
steady kinds of motion. Hence according to a general law of 
such motions they can coexist. (This law is investigated in 
' Principles ' pp. 241 — 243. See also Art. 24 of the Discussion 
of the Hydrodynamical Theory of Magnetism in the Philosophical 
Magazine for June 1872.) The composite motion will be steady 
spiral motion, and each elementary portion of the fluid of 
assigned form will continue to be of the same form. It does not 
appear possible to fulfil the condition of invariability of the geo- 
metrical forms of the elements in any way different from those 
above mentioned, 

Since the supposition that udoo + vdy + wdz is an exact 
differential embraces all cases in which the elements change 
form, the integrability of that differential quantity by a factor 
will apply to all cases in which the elements are of constant 
form, it being, of course, assumed that, whether the elements 
change form or not, the directions of motion satisfy the con- 
dition of geometrical continuity, in virtue of which alone the 
motion admits of being calculated. The reasoning does not 
apply to the motions of a body consisting, like a mass of sand, 
of discrete and unconnected particles. 

This being understood, I propose, in the next place, to 



40 CAMBRIDGE MATHEMATICAL STUDIES, 

enquire, antecedently to any specified instance of motion, 
whether there are spontaneous modes of action of the parts of 
the fluid on each other, in the cases of motion for which 
vdx •\- vdy -{■ wdz is integrable by a factor, in which cases, as 
argued above, the elements do not change form. Accordingly 
it is required, first, to obtain the equation of condition of the 
integrability of that differential quantity by a factor, which 
there are well known analytical rules for doing, and then to 
introduce into this equation the values of u, v, w which pertain 
to the general case of motion for which the forms of the ele- 
ments are invariable. According to what has been already 
said, this general case consists of motion partly parallel to an 
axis, and partly in circles transverse to the axis, each component 
motion being a function of the distance from the axis. Hence 
if r be that distance, and the rectilinear and circular motions be 
respectively F{r) and/(r), we shall have 

the axis of the rectangular coordinates x and y being perpendi- 
cular to the axis of the motion, and that of z coincident with it. 
After introducing these values into the before-mentioned 
equation of condition, and obtaining the general equation of the 
spiral motion of the elements, I succeeded in obtaining there- 
from, by an independent and unique course of reasoning, special 
forms of the functions F{r) and/(r), namely 

^W = ^, /(r)-^«, 

(7j and C^ being arbitrary constants independent of the time. 
These results, which determine laws of the motion that result 
from no arbitrary conditions and may consequently be de- 
signated as spontaneous, are essential to the hydrodynamical 
theory of galvanism. [The reasoning here referred to is given 
imperfectly in ' Principles ' pp. 563 — 569, but much more com- 
pletely in Arts 30 — 35 of the ' Theory of the action of a Gal- 
vanic Coir in the Philosophical Magazine for September 1874]. 
Although the fluid has been supposed to be incompressible, the 
results apply, inclusively of small quantities of the second order, 
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to a medium so vastly elastic as that which is considered to be 
the vehicle of the transmission of light. I have applied like 
considerations to the case in which the axis of the motion in- 
stead of being rectilinear is a circle of given radius, and have 
also indicated in what way the reasoning might be extended so 
as to apply to an axis of any form. (See Arts. 36 — 41 of the 
communication in the Philosophical Magazine just cited.) It 
should here be remarked that although the investigation shews 
that the laws of the variation of the motions with distance from 
the axis are not arbitrary, the motions do not subsist except 
under the condition of a material solid axis, for otherwise the 
velocity would be infinitely great at the geometrical axis. More- 
over, when the transverse circular motions are accompanied by 
motions parallel to the axis, it is necessary that the axis should 
form a complete circuit in order that the condition imposed by 
the general Theorem stated in page 30 may be fulfilled. Ac- 
cording to this Theorem the instant the circuit is broken the 
flow parallel to the axis would cease. 

After the preceding discussions, especially those relating 
to the principles and the analytical reasoning of Hydrodynamics, 
we may proceed to the consideration of the foundations of 
the mathematical treatment of the different parts of Physical 
Theory, With this object in view, I shall first mention a few 
particulars furnished by the history of the past condition and 
progress of Natural Philosophy. Experimental Philosophy may 
be said to have had its beginning with the writings of Bacon, who 
seems to have been the first to recognize formally the necessity 
of commencing the study of Nature by employing experiment 
for gaining a knowledge of facts and laws. Galileo obtained, by 
experiments on the motions of bodies acted upon by gravity at 
the earth's surface, the law of parabolic motion (called by Newton 
** Galileo's Theorem"), which was necessary for enabling Newton 
to calculate generally motions produced by the action of variable 
forces. The discovery by Newton of the processes of calcula- 
tion proper for this purpose was the beginning of an entirely 
different department of Philosophy, which for distinction may 
be called Theoretical Philosophy. Kepler had established ex- 
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clusively as results of observation, his three famous Laws, which 
express relations of space and time by which the motions of the 
Planets about the Sun are governed. Newton, having adopted 
the hypothesis of an attractive force emanating from the con- 
stituent elements of bodies, and varying inversely as the square 
of the distances from the points of emanation, by mathematical 
reasoning therefrom arrived at Kelper's Laws, and thus not 
only gave dynamical reasons for the Laws, but also pro tanto 
proved the truth of the hypothetical law of gravity. The 
exactness of this law has since been abundantly demonstrated 
by means of the joint labours of observers and theoretical 
computers. The law could not possibly be deduced from 
observation alone, neither could it be proved to be a physical 
reality except by comparison of observational results with the 
results of theoretical calculation. The above-mentioned dis- 
tinction between experimental and theoretical philosophy is 
well marked by the respective achievements of Kepler and 
Newton. 

But Newton's '* Principles of Natural Philosophy '* are not 
restricted to those on which the calculations of Physical Astro- 
nomy are founded. It is a remarkable feature of his Third 
Book, which is mainly devoted to calculating the motions of 
the Moon, and of Planets and Comets, that at the beginning 
of it Rules of Philosophizing are laid down which apply to 
all departments of Physics. In particular, under Regula iii. 
Newton has given, respecting the ultimate parts of bodies, 
certain definitions which he pronounces to be " the foundation 
of all philosophy." These definitions contain two ideas which 
demand especial notice. First, that the qualities of bodies 
which admit neither of increase nor decrease (" quae intendi et 
remitti nequeunt " are Newton's words), and which belong to 
all bodies that may be experimented upon, are to be regarded 
as qualities of all bodies; and, secondly, that the qualities of 
the least parts of bodies (ie. of atom^s) are only such as can 
be understood by sensation and experience relative to masses ; 
the qualities, namely, of extension, hardness, mobility, and 
inertia. The same principles of physical philosophy were con- 
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temporaneously maintained by Locke. Newton says, moreover, 
at the end of the definitions that he by no means affirms 
gravity to be essential to bodies, and that he understands via 
inertiod to be an innate quality. 

In the last paragraph of the Principia reference is made 
to "a certain very subtile spirit,*' pervading the grosser forms 
of body, to the agency of which Newton ascribes the forces 
of aggregation of elementary particles, electrical force, together 
with light and heat. This agent would now be called the wther. 
In Newton's time natural philosophy was not sufficiently ad- 
vanced, either as regards experiments, or inathematics, for 
theoretical investigations respecting the modes of action of this 
medium ; but his conception of the character of the medium 
itself is distinctly expressed in the following passage which 
occurs in his Letter to Boyle. **I suppose that there is dif- 
fused through all places an setherial substance, capable of 
contracting or dilating, strongly elastic ; in a word much like 
air in all respects, but far more subtile." (Horsley's Edition of 
Newton's Works, Vol. iv, p. 385.) 

Having thus remarked upon the fundamentals of Natural 
Philosophy as conceived of by Newton, I proceed next to state 
them in the modified form in which I have repeatedly enun- 
ciated and employed them in my published physical researches, 
the modifications being such as might be suggested by the 
modern advances that have been made in mathematics and 
physics : — 

" All visible and tangible substances consist of inert spheri- 
cal atoms of constant magnitudes, and all physical force is 
either mode of pressure of the sether on the surfaces of the 
atoms, or reaction of the atoms at their surfaces due to the 
constancy of their form and magnitude. The sether is sup- 
posed to be a continuous elastic substance, of perfect fluidity, 
filling all space not occupied by atoms, of the same density 
everywhere when at rest, and when in motion varying in density 
always and at all points in exact proportion to variations of its 
pressure. Also the size of the atoms is supposed to be so small 
that even in the densest bodies they fill a very small portion of 
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a given space." (See the communication in the Philosophical 
Magazine for September 1874, Art. 1.) 

I have ascribed to the atoms a definite and invariable form 
in conformity with the Newtonian rule that ultimate qualities 
admit neither of increase nor diminution, and because, in fact, 
the definition of an atom could not otherwise be employed as 
a basis for mathematical calculation. The spherical form has 
been hypothetically chosen not without reference to matter of 
experience, it being known that the properties of any perfectly 
fluid mass are in no respect altered by a change of the relative 
positions of its internal parts, which circumstance may well 
be conceived to be referable to a spherical form of the con- 
stituent atoms. Again, according to the principles of this 
philosophy the only admissible form of physical force is pressure, 
because this is the only kind of force that is understood by 
personal sensation; as when, for instance, the hand is pressed 
against a solid substance. 

The qualities ascribed to the sether accord with the supposi- 
tion that it is the vehicle of the propagation of light, as the air 
is that of the propagation of sound. If it be objected that the 
hypothesis of an ^ther of variable density is contradictory to 
the quality of invariability previously ascribed to the funda- 
mentals of philosophy, the reply is that the elasticity of the 
aether is, in fact, assumed to be constant, and that the varia- 
bility of its density is simply a consequence of the material 
atomic constitution which the aether must be conceived to have 
in common with visible and tangible substances. But notwith- 
standing this cojistitution the aether, like the air, may be 
treated mathematically as a continuous fluid, and, therefore, for 
all purposes of physical enquiry is continuous. 

Since the foregoing hypotheses are either identical with, or 
legitimate extensions of, those which Newton asserted to be 
the foundation of Philosophy, I propose to comprehend the the- 
ories of the physical forces which I have founded upon them, 
under the general designation of Newtonian Philosophy, What 
especially characterizes this philosophy is, that its hypotheses 
involve no assertion which is not comprehensible by the indications 
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of common sensation and experience. This is their sole regula- 
tive principle, and inasmuch as the form in which I have enun- 
ciated them above conforms to this rule, I have no need to give 
any attention to objections made to the hypotheses themselves ; 
but objections raised against any reasoning of which they form 
the basis I am bound to take notice of, and will do my best to 
answer. 

It is because the hypotheses possess the character above 
stated that the physical theories raised upon them diflfer from 
the theories, so called, of modern and contemporary physicists, 
which consist, for the most part, of deductions of mathematical 
expressions of the laws of phenomena from special results of 
observation and experiment conjoined with provisional or arhi- 
trary hypotheses. Such are Fourier's Theory of Heat, and 
Ampfere*s Theory of Galvanism and Magnetism. But confessedly 
in these researches the intrinsic nature of the forces, and the 
h, priori reasons for the hypotheses, are left undetermined. 

The final stage of physical investigation is reached, when 
explanations of phenomena, and of their quantitative laws, 
are given by means of mathematical deductions from universal 
hypotheses which satisfy the condition of being intelligible from 
sensation and experience. Till this is done, we can hardly be 
said to have arrived at theory properly so called. True and 
complete theory rests on hypotheses that are not only compre- 
hensible, as just mentioned, but are also such as do not admit 
of being accounted for by ulterior hypotheses, and consequently 
are ultimate and necessary. This will be proved to be the dis- 
tinctive quality of the system of hypotheses I have adopted, if 
they can be shewn to be adequate to the explanation of the 
nature, laws, and consequences of the operation, of all the 
different kinds of physical force. To demonstrate their appro- 
priateness and adequacy for this purpose has been the express 
object of the various applications of mathematics to Physics 
with which I have now for a long time been occupied. Such 
demonstration, I am well aware, is absolutely necessary for 
establishing the truth of the Newtonian Theoretical Philo- 
sophy. 
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The arguments I have employed in the above-mentioned 
researches consist wholly of mathematical deductions from the 
physical hypotheses, and comparisons of the results with experi- 
mental facts. Assuming the comparisons to be strict and satis- 
factory, the truth of the Philosophy is the more completely 
established in proportion as the number of such comparisons is 
greater. One undoubted instance of the contradiction of a fact 
by a mathematical deduction from the physical hypotheses 
would suffice to prove that the hypotheses are partly, or wholly, 
erroneous. Accordingly I now propose to enquire whether, so 
far as available data hitherto indicate, the Newtonian Philo- 
sophy is confirmed by comparison of mathematical deductions 
from its hypotheses with facts of experience. For reasons that 
will afterwards be stated, I begin with the Theory of Light 
on the Undulatory Hypothesis. 

Experiment has shewn that what is called the polarization 
of light is, in the first instance, a modification of common light 
of a definite character, but producible in a variety of ways as 
respects the relations of the primitive rays to visible and tan- 
gible subst^mces. It must, therefore, be concluded on the 
undulatory hypothesis, that the modification pertains to the 
medium (the aether) wherein the light is generated and trans- 
mitted. According to the argument in pp. 33 — 35 the aether 
is susceptible, without respect to any particular mode of dis- 
turbance, of motion along and parallel to an aads, compounded 
with motion transverse to the axis. If now, being guided by 
experiment, we assume that the sensation of light corresponds 
to the part of the transverse motion which is very little distant 
from the axis, and that the longitudinal motion is neutral as 
regards the production of light, we can derive from the formula 

JJL 

aV+/-^ = 0, a very definite conception of the aetherial forces 

the action of which, on the parts of the eye is followed by the 
sensation of light. As this is a matter of sensation, it is not 
possible to give an d priori reason why the corresponding motions 
should be restricted to positions near the axis as here supposed, 
any more than we can tell why the sensation depends also on 
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the motions being vibratory, or why a certain number of vibra- 
tions in a given time produce the sensation of a given colour. 
The actuality of the limitation is, however, proved d posteriori 
by its being a necessary condition in accounting for the pheno- 
mena of polarization. 

Since the above defined motions, both longitudinal and 
transverse, have been arrived at by reasoning independently 
of any supposed case of disturbance (see pp. 30 — 36), we may 
draw the inference that they correspond to a primitive or 
spontaneous form of light, and that all other forms of light 
are derived from this under arbitrary circumstances. That 
spontaneous form is characterized by the motions being in 
planes passing through the axis, and by the law that the ve- 
locity and the condensation are both functions of the distance 
from the axis. This is the form of vibration corresponding to 
common light : the derived forms correspond to diflferent species 
of polarized light. These assertions may be confirmed by 
reference to the equation in p. • 34, by which the value of / is 
determined, namely, 

i + d^'+i=^' (") 

from which equation, since aV +f-^ = 0, we get 

^+^+^=^ ("y)- 

These equations indicate that /and a may each be arbitrary 
functions of x and y for given values of z and t, and this analy- 
tical inference ought, according to the general Theorem enun- 
ciated in p. 30, to admit of and receive interpretation. At 
the same time we must take into account that / and <r are 
originally functions of r, and belong to common light. Hence 
it follows that the arbitrary values of / and a which satisfy the 
above equations are only such as can be derived from their 
values for common light. If, for instance, the transverse 
motion at each point of a ray of common light be resolved into 
motions parallel to two fixed planes at right angles to each 
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other, it is found that the equations (a) and (7) are satisfied by- 
each set of vibrations. The fact that these equations can be 
so satisfied is the theoretical proof of the known resolvability 
of a ray of common light into two eqiuil rays the transverse 
vibrations of which are in rectangular directions. The resolved 
rays are polarized rsijs of the first order. The same equations 
shew that each such polarized ray is resolvable into two unequal 
rays polarized in rectangular directions : and so on. Because 
the equations are linear with constant coefficients, it follows 
that the recomposition of the resolved rays of all the different 
orders reproduces the original non-polarized ray, as is known 
to be the case from experiment. 

It is not required, regard being had to the purpose of this 
work, to pursue the theory of polarized light farther. The 
mathematical theory of polarization, and the distinguishing 
characteristics of plane-polarized, elliptically polarized, and 
circularly polarized light, will be found to be fully treated of, 
in accordance with the theoretical principles I have been en- 
deavouring to explain, in pp. 330 — 338 of 'The Principles 
of Mathematics and Physics.' I shall, therefore, here only add 
the remark, that the distinction between common light and 
the different kinds of polarized light, which, as stated in p. 24, 
the oscillatory theory failed to indicate, is clearly exhibited 
by the undulatory theory, when, by the reasoning I have ex- 
pounded, this theory is placed on the basis of correct hydro- 
dynamical principles. 

On the same principles the composite character of light is 
accounted for apart from any consideration of the way in which 
the aether is caused to vibrate. This follows at once from the 
argument contained in p. 37, which, when applied in the undu- 
latory theory of light, necessitates the conclusion that all light as 
originally produced is composite. It is usual to attribute both 
the generation and the form of all the individual vibrations 
which constitute a beam of light to the impulses of solid 
vibrating particles, such as we have supposed the atoms to 
be. But the theory of polarization just discussed is directly 
opposed to this view, inasmuch as according to that theory the 
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forms of vibration are generated spontaneously by the mutual 
action of the parts of the fluid. (In this way only can musical 
sounds be accounted for when they result from the mutual 
conflict of different streams of air.) It is known from prismatic 
analysis that many parcels of light are coYnposed of rays of all 
refrangibilities ; as, for instance, the light of a wax-taper. In- 
stead of conceiving each of these numberless sets of vibrations 
to be produced by the vibrations of a separate atom, we have 
according to our theory to regard both the composite character 
of the light, and the exact, or very approximate, continuity of 
the refrangibilities, as having an independent origin in the 
mutual pressures of the elementary parts of the fluid. 

In the well-known experiment whereby light of definite 
refrangibility is obtained on putting salt into the flame of a 
spirit lamp, it is, I believe, admitted that the combustion 
generates a gas which absorbs rays of all refrangibilities different 
from that particular refrangibility. In making the experiment 
I have noticed, on viewing the flame through a prism at the 
angle of minimum deviation, that the image produced by the 
rays of definite refrangibility is accompanied by a very faint 
continuous spectrum like that of a lighted taper. This fact 
is in agreement with our theory of the original composite 
character of light, so far as regards the continuous spectrum, 
since it may be presumed that this faint spectrum is a re- 
sidual phenomenon due to incompleteness of the above-men- 
tioned absorption. According to the theory, all light is 
originally white light, being composed at first of rays of all 
refrangibilities. Consequently all instances of the generation 
of visible colour ought to be due to modifications of the primary 
rays by the intervention of visible and tangible substances. 
This theoretical inference is found to be experimentally true, 
it being possible to refer all cases of the sensible recognition 
of colour to the production, by such means, of phenomena of 
Besolution, Interference, or Absorption, The colours of trans- 
lucent substances, whether solid, fluid, or gaseous, and the 
superficial colours of opaque solids, are all referable to effects 
of absorption. But the phenomena and laws of this kind, as 

CH. 4 
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being dependent on relations of the aetherial medium to tlie 
grosser bodies, are in quite a diflferent category from those 
which arise ipdependently out of the essential qualities of the 
medium itself. Among the latter are to be reckoned the law of 
susceptibility of light to polarization, and the law of its resold 
vability into component parts, both of which have been specially 
treated of in the foregoing discussions. The first of these laws 
the theory ascribes to the character of the individual primary 
motions of the aether, as consisting of vibrations partly parallel, 
and partly transverse, to an axis, and the other to the total 
motion being originally compounded of such vibrations. 

Before proceeding farther let us briefly review the argumen- 
tation as it now stands. Experiment has shewn that light 
is capable of resolution into components, and of being polarized, 
and that while these eflfects are producible under various 
arbitrary conditions, their special characters depend wholly 
on qualities of the medium in which light is generated and 
transmitted. Respecting the qualities of this medium we have 
admitted no other hypotheses than that it is a continuous 
elastic substance, perfectly fluid, indefinitely extended, and of 
the same density everywhere when at rest, and when in motion 
varying in density always and at all points in exact proportion 
to variations of its pressure. (See p. 43.) The Newtonian 
system of philosophy demands that this medium should be 
proved, exclusively by mathematical reasoning founded on these 
premises, to be capable of accounting for the polarization and 
composite character of light. This severe demand I consider 
that I have met by the results of the process of reasoning the 
principles of which are expounded in the foregoing discussion. 
The phenomena thus explained are so peculiar and definite, 
and so remote in character from the foundations on which the 
reasoning rests, that I might, perhaps, be justified in regarding 
these results as sufficient of themselves to establish the truth 
of the undulatory theory, and the reality of the existence of 
the SBther. There are, however, various other explanations of 
phenomena of the same class, which cannot here be particularly 
dwelt upon ; but since a bare enumeration of all such explained 
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phenomena will serve to strengthen the foregoing conclusion, 
the following list, contained in Art. 37 of the 'Essay on the 
Mathematical Principles of Physics/ is subjoined. 

"The rectilinear transmission of light through space; its 
taking the form of rays ; the uniformity of its rate of propa- 
gation in space; diflference of intensity of diflferent rays, and 
non-dependetice of rate of propagation on intensity ; variation 
of intensity according to the law of the inverse square by 
divergence from a centre; composite character of common 
light, and separability into parcels of diflferent intensities; 
distinction by phase; distinction by colour; resolvability into 
parcels of diflferent colours by spectrum analysis ; transmuta- 
bility of rays; colours resulting from compounding lights of 
different colours; non-interference, in general, of parcels of 
light from different sources ; interferences under particular 
circumstances ; distinction between common light and polarized 
light ; resolution of common light into equal portions polarized 
in rectangular planes; non-dependence of the combined in- 
tensities of two oppositely polarized rays having a common 
path on the difference of their phases ; differences, in certain 
proportions, of the intensities of the parts of a polarized ray 
resolved by a new polarization ; distinctive characters of plane- 
polarized, elliptically-polarized, and circularly-polarized light; 
limited lateral divergence of rays, and phenomena of diflfraction." 
These explanations are given in the Arts, numbered (1) — (20) 
under the head of The Theory of Light in the ' Principles of 
Physics.' See also Arts. 37 — 44 of the * Essay.' 

It should here be stated that in one instance the mathe- 
matical argument is incomplete. I refer to the limited lateral 
divergence of rays, on which the explanation of the phenomena 
of diffraction depends. The theory sufl&ciently indicates how 
limited divergence may result from the combination of an un- 
limited number of the vibrations of the primary type, but I 
have not pointed out by what process the law and the amount 
of the divergence are to be calculated, although I am of opinion 
that this might be effected by adopting the principle, employed 
first by Fresnel, of dividing the front of a wave into elementary 

4—2 
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portions, and ascribing to each a limited amount of lateral di- 
vergence. According to the views previously maintained, this 
principle, in order that it may be legitimately applied, ought 
first to be deduced from the fundamental equations of Hydrody- 
namics. The determination I have made of the primary forta 
of the vibrations may be considered to be a necessary step in 
this research. But the whole question as to the proper mode of 
calculating the amount of lateral divergence under given con- 
ditions is one of great difficulty, and at the same time, as I shall 
have occasion afterwards to shew, of great physical importance. 
Hitherto I have not been able to give to it the attention it de- 
mands, and can now only recommend it to the consideration of 
younger mathematicians. (See paragraph (20) in p. 354 of 
' The Principles.^ 

The numerous explanations of phenomena of light which 
have been given, as stated above, on the hypothesis of the 
existence of an aether of a specific kind, may be considered to 
afford evidence almost amounting to certainty of the actuality 
of the aether, and of its being such as it was assumed to be. 
This is a very great step in Theoretical Physics. This position 
being gained, we are prepared to enter upon theoretical con- 
siderations relative to the remaining phenomena of light, — those 
which depend on its relations to visible and tangible substances, 
— as well as to propose a general theory of the different 
physical forces, which, according to our fundamental hypo- 
theses, are all modes of action of the aether. 

It is not necessary for my purpose to go into the details of 
the explanations of phenomena of light of the class mentioned 
above. The theory of these phenomena necessarily rests on 
hypotheses respecting the properties and constituency of visible 
and tangible substances, as well as on the mathematical conse- 
quences of the hypotheses already made relative to the aether. 
Hence from this class of theoretical explanations we get no 
additional test of the reality and supposed qualities of the 
(ether, because in case of contradiction of the theory by facts the 
failure might be attributed to fault or defect in the hypotheses 
relating to the intimate condition and constituency of the sub- 
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stances, concerning which in the present state of physical 
science we have no direct means of acquiring knowledge. Ex- 
perimental physics do not immediately furnish such knowledge, 
which ought rather to be looked for as the final result of 
physical enquiry pursued by all available means both experi- 
mental and theoretical. One of those means is to use the 
undulatory theory of light, in conjunction with data furnished 
by the sciences .of Mineralogy and Chemistry, for acquiring 
information respecting the atomic constitution of bodies, and 
the arrangement of their atoms, as is done to a considerable 
extent in the undulatory theory of the Polarization and Double 
Refraction of rays transmitted through Crystals. These re- 
searches, it should be observed, do not require any A priori 
hypothesis to be made differing from, or additional to, those 
which have been proposed as the foundation of philosophy. 
This is an essential circumstance, inasmuch as the establish- 
ment of the Newtonian Philosophy depends on proving the 
tmiversaliti/, as well as the necessity/, of the application of its 
hypotheses. (The theories of the class of phenomena here 
referred to are treated of in pp. 361 — 436 of 'The Principles.* 
See also Arts. 45 and 46 of the ' Essay.') 

Again, the character of comprehensiveness which distinctively 
pertains to this system of philosophy requires that the same 
hypotheses should be an adequate foundation for theories of the 
modes of action of all the known physical forces. Unless this 
requirement can be satisfied the philosgphy fails altogether. It 
is, therefore, necessary to ascertain whether the observed results 
of the action of the various physical forces, either as individual 
facts, or as grouped under formulated laws, can be accounted 
for by means of mathematical deductions from the fundamental 
hypotheses, conjoined with auxiliary hypotheses relating ex- 
clusively to the arrangew^ents, magnitudes, and numbers, of the 
constituent atoms of substances. These researches, and the 
arguments whereby they are conducted, are of so extensive a 
character, that I can do no more here than refer the reader to 
the discussions in * The Principles of Physics * under the several 
heads of the Theories of Light, Heat, Molecular Attraction, 
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Force of Gravity, Electric Force, Galvanic Force, and Magnetic 
Force. I beg also to direct attention to the abbreviated, and, in 
some respects, improved form in which these Theories are 
represented in Arts. 47 — 176 of the 'Essay on the Mathematical 
Principles of Physics,' and to the supplementary remarks and 
explanations in pp. 94 — 103 of that work. There are, however, 
a few additional considerations relative to these Theories, 
bearing more immediately on the object of the present publica- 
tion, which may be suitably introduced here. 

I have placed Light in the category of physical forces 
because it must be supposed that the sensation of light 
results from the dynamical action of vibrations of the aether 
on parts of the eye. Now it has been experimentally found 
that the motions communicated to these parts, so far as 
regards phenomena of sight, are caused by transverse vibra- 
tions of the rays. Hence since it is also known from ex- 
perience that the production of light is accompanied by the 
production of heat, we may at once ascribe the heat to the 
agency of the direct vibrations of the same rays. This infer- 
ence may, I think, be regarded as a signal instance of the 
adaptability of hydrodynamical theorems to account for dif- 
ferent modes of action of physical force. 

Observed eflfects of Heat (as the expansions of gases and 
developments of the tails of Comets) seem to indicate that 
heat-vibrations, by their incidence on atoms, not only put them 
in vibration, but are capable also of giving them accelerated 
motions of translation. To account for such eflfects simply 
requires, according to our theoretical principles, the solution 
of a very definite hydrodynamical problem, namely, to de- 
termine the motion of a free spherical atom acted upon by 
a series of setherial waves. Since, however, the solution to 
the first approximation is found to account only for vibra- 
tory motions of the atom, it is necessary, in order to determine 
whether the theory accounts also for motion of translation, 
to meet the difl&culty of proceeding to the second approxi- 
mation. I made several ineffectual attempts to decide the 
question by this process, till at length I found that it was 
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only after taking into consideration the effects of lateral 
divergence, brought into play by the reaction of the sphere, 
that the second-order additional terms accounted for an ac- 
celerated motion of translation. It appeared also that accord- 
ing to the greater or less ratio of the excursus of a vibrating 
particle of the aether to the diameter of the sphere, the motion 
of translation might be towards ox from the origin of the 
waves, and consequently the accelerative force be attractive or 
repulsive. But owing to the imperfection of the mathema- 
tical theory of lateral divergence (spoken of in p. 51), I have 
not attempted to ascertain precisely the respective condi- 
tions under which the direction of the acceleration is to- 
wards or from the origin. (The mathematics of this d priori 
theory of accelerative force I consider to be best given in 
an Article on the Hydrodynamical Theory of Attractive and 
Repulsive Forces contained in the Philosophical Magazine for 
September, 1872.) 

Since, according to one of the fundamental hypotheses, 
"all physical force is either mode of pressure of the aether 
on the surfaces of atoms, or reaction of the atoms at their 
surfaces due to constancy of their form and magnitude," it 
is necessary to give reasons derived from this hypothesis for 
the existence and laws of central attractive and repulsive forces. 
By reasoning founded on this basis, and by making use of 
the foregoing general theory of accelerative forces, I have, 
in fact, indicated how to account generally for atomic or caloric 
repulsion^ molecular attraction-, radiant heat, and the force of 
gravity, although the mathematical reasoning employed in the 
investigations is in certain respects incomplete. Respecting 
the theories of these several forms of physical force it will 
now be proper to state the foUowing particulars. 

Atomic repulsion is due to the aggregate agency of those 
setherial waves of the lowest order as to breadth and intensity 
which are generated at the surface of each atom by the re- 
actions resulting from the incidence upon it of like waves 
from all surrounding atoms. The effectiveness of this force 
arises from the great comparative influence of lateral divergence 
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when waves of this class, proceeding from any atom, are in- 
cident upon a neighbouring atom. The force is repulsive be- 
cause for this order of waves the condensations and rarefactions 
generated on the . hemispherical surface which is turned to- 
wards the atom from which the waves emanate are greater 
than on the other half. The accelerative action of this re- 
pulsion on an atom of given size varies inversely as the eube 
of the distance of the centre of the atom from the origin of 
the waves, and hence, on account of the rapid increase of 
mutual repulsion of the atoms with diminution of the distances 
between them; it may be presumed that no two atoms ever 
come into contact. 

Molecular Attraction is ascribable to composite vibrations 
of the second order, resulting from the composition of all the 
composite vibrations of the first order which emanate from a 
vast number of atoms contained within a limited spherical 
space. The excursus of an setherial particle in this new order 
of composite vibrations is supposed to be of such extent rela- 
tive to the diameter of the atom that by reason of lateral 
divergence an excess of condensations and rarefactions is pro- 
duced on the hemispherical surface turned from the origin, 
and the atom is consequently urged by a residual force tending 
towards the origin, and therefore attractive. The least number 
of the atoms of a given substance which is required for 
originating vibrations that by their composition produce this 
attractive effect constitutey a molecule of the first order. 

Radiant Heat may be supposed to be due to vibrations of 
the aether which are generally of greater breadth than those 
which affect the organ of sight, but have no dynamic effect 
corresponding to heat till their original form is broken up and 
transmuted by entrance into adiathermous substances. In like 
manner opaque, or semitransparent, substances are heated by 
the entrance into them of rays of light, which, being trans- 
muted without loss oivis viva, give rise to heat-rays. 

Fourier's " Theory of Heat " consists, as is expressly stated 
by its author, of mathematical deductions of laws of heat from 
certain fundamental facts established by experiment, and is,. 
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therefore, avowedly an empirical theory. Consequently, insofar 
as these laws are verified by comparisons with observations, it 
may be demanded of the d priori theory of heat which I have 
proposed, to account for these fundamental facts. As far as 
I can see at present, it would be possible to meet this de- 
mand by means of the theories of atomic repulsion, molecular 
attraction, and radiant heat, spoken of above ; but hitherto 
I have been prevented by occupation of my time with other 
physical researches from entering upon this undertaking. I may, 
however, state here, that I can partly see my way towards a 
theoretical explanation of the important Law of exchanges, on 
which so many phenomena of heat depend. 

The Force of Gravity is referable, according to this hydro- 
dynamical theory of the physical forces, to the action of central 
undulations of such an order as to breadth, and of such in- 
tensity, that the excursus of an aetherial vibrating particle 
exceeds very much the diameter of an atom, the force being 
for that reason always attractive. Possibly on account of the 
great comparative breadth of the undulations, this force may 
be independent of the size of the atoms, as is known to be 
the case when a small spherical atom is subject to the action 
of a steady stream, (See the solution of Example Vlil in pp. 
313—317 of 'The Principles.*) The fact, however, that all 
bodies are equally accelerated by the force of gravity may also 
be accounted for by merely supposing all atoms to be of the 
same size. The mathematical theory is not sufficiently com- 
plete to decide whether the former of these two explanations 
is admissible. 

A translatory eflfect on atoms, however small it may be, 
is to be attributed to the transverse vibrations of the rays 
of light, inasmuch as they are accompanied by variations of 
density. We may thus perceive a reason why light may be 
supposed capable of producing effects other than those which 
are recognised by the sense of sight. For instance, certain 
chemical changes which are found to be due to the action of 
light, might be accounted for by the translatory effect of force 
depending upon the sqiuire of the transverse velocity. 
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There are explaaations of a different kind which the New- 
tonian Philosophy must be shewn to be capable of giving in 
order fully to demonstrate the character of universal applica- 
bility which is claimed for its hypotheses. It has been already 
remarked (p. 41) that Newton's method of calculating the 
motions of bodies acted upon by variable accelerative forces 
depends on the dynamical laws of constant forces which Galileo 
deduced from experiments. These laws are (1) that a constant 
force acting on a body in a given direction produces equal 
increments of velocity in that direction in equal times, inde- 
pendently of the actual motion, or direction of the motion, 
of the body ; (2) that a constant accelerative force produces no 
motion, or change of motion, in a direction transverse to that 
in which it acts. (From these laws Galileo inferred the para- 
bolic path of a projectile acted upon by gravity at the earth's 
surface.) It is, therefore, only required to give an d priori 
demonstration of these two laws in order to account completely 
for the mode of action of every kind of accelerative force. This 
I consider that I have done, by shewing, first, that a constant 
accelerative force may be attributed to the action of a regular 
series of undulations, inasmuch as such undulations can be 
proved to be capable of uniformly accelerating a spherical 
atom in the same manner and degree whatever its course and 
velocity may otherwise be, provided only that the velocity is 
small compared to the enormous velocity of propagation of 
undulations in the aether; and then by shewing that this 
action of the undulations is exclusively in the directions, 
normal to their fronts, in which they are propagated. 

Again, the theory of Universal Gravitation rests on the 
hypotheses that each elementary portion of a mass acts upon 
all other elements, whether belonging to the same mass or to 
different masses, with a force which is directly proportional 
to the quantity of matter in the element, and varies inversely 
as the square of the distance from its centre. The truth of 
these hypotheses has been established by numerous comparisons 
of results calculated from them with facts of observation. The 
proposed d priori theory has only to account for the hypotheses. 
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It is to be understood that the elements with which we are 
here concerned are molecules of the second order y each of which, 
although it may be taken to be of elementary magnitude, con- 
tains a vast number of molecules of the first order, and is the 
origin of a series of attraction-undulations of much greater 
breadth than those emanating from the first-order molecules. 
Now the theory does, in fact, account for the action of each 
second-order molecule on all other molecules, inasmuch as the 
action is produced by undulations which are ultimately derived 
by composition from the primitive undulations which, as we 
have already argued (p. 55), emanate equally in all directions 
from each atom. The same theory evidently accounts for the 
law of the inverse square, this being the law of the attraction 
of the second-order composite undulations. The comparative 
feebleness of the force of gravity is due to the great breadth 
of the undulations, and the consequent small influence of the 
before-mentioned lateral divergence. 

We may also see by this theory that a gravitation-molecule 
acts in the same manner and degree on any other molecule 
independently of the temperature and state of aggregation 
of the latter, because, as already indicated, its action on each 
atom is independent of such circumstances. But if the amount 
of the attraction at any distance r from the centre of an ele- 
ment be expressed by -^ , the same theory does not immediately 

explain why ^l is proportional to the quantity of matter (mea- 
sured by weight) in the element, independently of the quality, 
temperature, and state of aggregation, of the substance to 
which it belongs. It may, however, be asserted that the theo- 
retical determination of this question would not require any 
addition to, or modification of, the fundamental hypotheses; 
and I venture to suggest that the explanation might possibly 
be reached by means of a theory of gravitation-exchanges 
analogous to the theory of heat-exchanges which, under like 
conditions, accounts for the equilibrium of temperature. 

The hydrodynamical theory of physical force gives a good 
account of the well established law of the Tnechanical equivalence 
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of the force of heat, and in particular it explains how a bar of 
iron is made to emit both heat and light by being repeatedly 
struck with a hammer. (See Phil. Mag. for Oct. 1863, p. 290.) 

So far we have only had under consideration physical forces 
the laws of which are explainable by the dynamics of vibrations 
of the aether. It will next be shewn briefly how the theories 
of the other forces are referable to the dynamics of the steady 
motions of the same aether. 

It is a known fact that a steel bar, held in certain positions, 
may be permanently magnetized by being violently struck with 
a hammer at one end, and then may have its magnetism de- 
stroyed, or reversed, by being similarly struck at the other end. 
It is hardly conceivable that such blows can have any per- 
manent effect, unless they produce slightly altered relative 
positions of the component atoms, which the intrinsic quality 
of steel enables it to retain. On this principle I have proposed 
the hypothesis that whereas in the neutral state of the bar 
the atomic repulsions and molecular attractions acting on a 
given atom are capable of separately keeping it in equilibrium, 
in the magnetic state the equilibrium of the atom is maintained 
by the counteraction of a residual attraction by a residual 
repulsion. I have farther shewn that under these circumstances 
there will be an actual, or virtual, increment of atomic density 
from one end of the bar to the other, and that the aetherial 
vibrations to which are due the residual attractions, whereby in 
conjunction with the residual atomic repulsions the magnetic 
state is maintained, will generate a stream, which by reason 
of the actual or virtual contraction of channel will be con- 
tinually accelerated towards the denser end. By this action 
the aether, being by hypothesis an unlimited mass of inert 
fluid, is impressed both within the bar and in surrounding 
space with steady motion. This according to the principle 
enunciated in p. 38 is necessarily in re-entering courses, 
and on these courses, together with the variation of the pres- 
sure of the aether from point to point of space, the magnetic 
influence of the bar depends. 

The above theory of Magnetism I have applied in account- 
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ing for the laws of the action of a fixed magnet on a move- 
able one, as determined experimentally by Gauss, (1) when the 
axis of the fixed magnet pointed to the middle of the other; 
(2) when the axis of the moveable one pointed to the middle of 
the fixed one, the axes being in both cases in the same hori- 
zontal plane and in rectangular directions. The theory shewed, 
in conformity with the results of the experiments, that the 
magnetic intensity varied in each case inversely as the cube of 
the distance from the middle of the fixed magnet, and for the 
same distance was in the former case double the intensity in 
the other. I have also ascertained that the theoretical lines of 
motion of the aether in the neighbourhood of a magnet agree, 
at least very approximately, with the directions of magnetic 
action determined experimentally by the Astronomer Royal by 
submitting a small moveable magnet to the action of a large 
fixed one in various positions distributed symmetrically about 
the latter. (See Airy's Treatise on Magnetism, p. 17.) I have 
not yet had time to complete the calculations required for 
making an exact numerical comparison of the directions thus 
obtained with the theory. All the theoretical calculations em- 
ployed in the above-mentioned comparisons depend essenti- 
ally on the fundamental hypothesis that the atoms are small 
spheres. 

The hydrodynamical theory of Magnetism, it should be ob- 
served, gives no support to Gauss's hypothesis of two dissimilar 
magnetic fluids capable of separation, and so constituted that, 
when separated, like fluids mutually repel and unlike fluids 
mutually attract. It explains, however, how by means of these 
arbitrary hypotheses it is possible to educe from the above 
stated results of Gauss's experiments the law of the inverse 
square relative to the supposed attractions and repulsions. 

After what has just been said respecting the theory of Mag- 
netism, it will be convenient in the next place to make some 
remarks on the theory of Electricity, that term being supposed 
to be restricted to phenomena resulting trom friction applied at 
the surfaces of bodies. In general, as was argued with respect 
to a magnet, the action of the molecular attractions on an atom 
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in the interior of any mass would of themselves keep it in equi- 
librium, or only allow of small oscillations about a mean place ; 
and the atomic repulsions also, acting separately on the atom, 
would have the same eflfect. But this cannot be the case at and 
near the superficies of the substance, where, plainly, the atoms 
in a thin stratum must each be kept in equilibrium by the 
joint action of repulsion outwards and attraction inwards, and 
the atom-density of the stratum must continually diminish to- 
wards the surface. (The phenomena of capillary attraction are 
due to the sphere of molecular attraction being greater than 
that of atomic repulsion, and extending beyond the boundary of 
the substance.) Supposing now the surface of the body to be 
forcibly rubbed, the atoms of a thin superficial stratum would 
be disturbed, and it might be expected that they would be put 
into new relative positions. It is found, in fact, that by such 
friction the body is electrified. In some bodies, called con- 
ductors, the changed state of the superficial stratum spreads 
immediately over the whole of the surface, and may be entirely 
neutralized by a conductor which connects the surface with the 
earth. In others, which are non-conductors, the electric state 
extends over only a limited portion of the surface, and is more 
or less permanent. The diflference between conductors and non- 
conductors depends on certain intrinsic qualities of the sub- 
stances which cannot be accounted for by d priori theory, not 
because our fundamental hypotheses are inappropriate or insuf- 
ficient, but because in the existing state of physical science the 
conditions of the problem cannot be exactly stated. 

The electricity of a substance is considered theoretically to 
be positive or negative according as the superficial atoms are 
closer together, or farther apart, than in its neutral state. An 
enforced change of condition of the superficial stratum in either 
respect is accompanied by a change of the relative positions of 
the atoms in its interior, causing a gradual variation of atom- 
density analogous to that which was supposed to take place 
in a magnet. Taking the case of an insulated electrified con- 
ductor, the maintenance of the new positions of the atoms, 
both in the superficial stratum and in the interior, may be 
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conceived to be due to the action, in addition to atomic re- 
pulsions and molecular attractions, of residual undulations of 
a specific order, always coexisting with the abnormal variation 
of the interior atom-density due to the electric state. Undula- 
tions of this class I have called electridty-radiants. They are 
brought into sensible action by a disturbance of the neutral 
state of the body in respect to electricity, as heat-radiants 
become operative by a disturbance of the equilibrium of tem- 
perature. Also they must be supposed to traverse substances 
of all kinds (as heat-radiants traverse diathermous substances), 
without undergoing dismption or transmutation, partaking in 
this respect of the quality of gravity-radiants. Moreover it 
is allowable to assume that these undulations are of such an 
order as to breadth and intensity that they always act attrac- 
tively on atoms, drawing them in the direction from the rarer 
to the denser atom-density, which, accordingly, is the direction 
contrary to that of the propagation of the undulations. Con- 
sequently the equilibrium of any atom of an electrified body 
results from the joint action of atomic repulsion, molecular 
attraction, and the attraction of electricity-radiants. Accord- 
ing as these radiants urge the atoms at any part of the 
surface towards or from the interior, that part is electrified 
positively or negatively, (See * Essay * Arts. 70 — 78.) 

Electricity-radiants act not only on the atoms of the body 
in which they have their origin, but in like manner also on 
those of any body in its neighbourhood susceptible of the 
electric state. This is the explanation of the induction of 
electricity. It is plain that there will also be a reaction of the 
induced electricity on the inducing body. In short, the equi- 
librium of any atom of either body is maintained by atomic 
repulsions and molecular attractions of the body itself together 
with the actions of the electricity-radiants of both. Electric 
induction differs altogether from magnetic induction in respect 
to its operating alike on various kinds of substances, and re- 
quiring the agency of the radiants brought into play by the 
disturbance of the superficial atoms by friction. In magnetism 
the state of the atoms in the superficial stratum of the magnet 
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does- not come under consideration. (See 'Principles' pp. 
618—622, and 'Essay' Arts. 79—84.) 

Again, the electricity-radiants of any substance which disr 
turb by their attraction the relative positions of the superficial 
atoms of another substance, must be capable of moving in 
some degree the latter as a whole. No such eflFect, however, 
has been detected by experience, the reason being that if it 
takes place it is countervailed by the commonly observed elec- 
trical attractions and repulsions, which are produced by hydro- 
dynamical action of a difierent kind. These forces, in fact, are 
due, .according to our theory, to steady motions of the sether 
resulting from a gradation of atom-density in the interior of 
an electrified body analogous to that (already discussed in 
p. 60) in the interior of a magnet, although very differently 
produced and maintained. The steady stream is more effective 
than the series of undulations of the radiant, because the 
accelerative action in both cases depends on the square of the 
velocity of the setherial particles, and whereas the maximum 
velocity in the radiant is that acquired in the short interval 
of a single vibration, in the stream the maximum velocity is 
acquired during the passage of the aetherial element over large 
spaces. Thus the theoretical explanation of mutual attractions 
and repulsions is very much the same for electrified bodies as 
for magnets. (See ' Principles ' pp. 544 — 552 and 607, and 
' Essay ' Arts. 88—93, 97 and 100.) 

After what has now been said on Electricity I am prepared 
to make some remarks on the hydrodynamical theory of Gal- 
vanic Currents. The conditions necessary for producing such 
currents will be best stated after proposing a theory of " Volta's 
fundamental experiment,'* described in Atkinson's Ganot, 2nd 
Edition, Art. 679. Volta proved by means of an electroscope 
that when a plate of copper is soldered to a plate of zinc, the 
copper is charged with negative electricity and the zinc with 
positive electricity. On our theoretical principles this eflfect 
is accounted for as follows. The two plates being called A and 
J?, the atoms of both situated at and very near the surface of 
junction will be urged in one direction by molecular attractions 
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of A and atomic repulsions of By and in the opposite direction 
by molecular attractions of B and atomic repulsions of -4, and 
as these atoms are in equilibrium, the opposing forces on each 
atom must just counteract each other. This would plainly 
be the case if A and B were plates of the same metal, whether 
they were merely in close contact, or welded together. But 
if the plates be of dififerent metals, the equilibration of the 
forces cannot subsist except by a reaiTangement of the atoms 
of each of the contiguous strata, in consequence of which the 
atoms of one stratum are closer together, and those of the other 
stratum farther apart, than they are in their undisturbed 
state. Hence, according to the preceding theory of Electricity, 
one plate is positively electrified, and the other negatively 
electrified. This inference is confirmed by Volta's experiment, 
which also informs us that it is the zinc plate which is posi- 
tively electrified. 

By referring to the foregoing hydrodynamical theory of 
electricity, and taking into account the definitions of positive 
and negative electricities, it will be seen that under the above 
mentioned circumstances, there will be a tendency towards the 
generation of a steady stream of aether from the zinc to the 
copper, which, however, will not flow unless the obstacle arising 
from the inertia of the surrounding unlimited fluid be got rid 
of. This is practically done by connecting the copper plate 
with the zinc plate by a conducting wire (as one of copper), 
which completes the circuit, and allows of the circulation of a 
stream maintained in steady motion by the action at the plates. 
This elementary experiment involves all the conditions that 
are essential for generating a galvanic current, inasmuch as 
batteries, and* the chemical action of acids on the plates, only 
have the effect of -mnltiplying the amount of the superficial 
strata disturbed, and augmenting the degree of the disturb- 
ance. 

I have explained in pp. 39 — 41 the course of mathematical 
reasoning whereby the motion of an setherial cun'ent relatively 
to a fine conducting wire is ascertained. It is there shewn 
that the total motion is spiral, consisting of motion parallel 

CH. '5 
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to the axis of the wire, and transverse circular motion about 
the same, and that the velocities vary respectively inversely 
as the distance, and inversely as the square of the distance, 
from the axis. According to this hydrodynamical theory the 
circular motion is necessary for the maintenance of the current, 
and as regards the direction of the flow the spiral motion may 
be either dextrorsum or sinistrorsum. But experiment indi- 
cates, in the case of a galvanic cun*ent along a fine copper 
wire, that the turn of the spiral is always in the same direction, 
without giving means of deciding, as far as I am able to 
discover, whether the direction is dextrorsum or sinistrorsum. 
Hence it would seem that both the circular motion and its 
direction are entirely due to the intrinsic molecular constitu- 
tion of the copper, the effect of which on the impressed motion 
does not in the actual state of physical science admit of direct 
theoretical investigation. 

The Numbers of the Philosophical Magazine for September, 
November, and December, 1874 contain Parts I., II., iii. of a 
"Hydrodynamical Theory of the action of a Galvanic Coil on an 
external small Magnet." In a Postscript to Part II., I have 
compared angular positions of the magnet calculated from the 
theory with positions obtained experimentally by the Astro-. 
nomer Royal. (The experiments were made under the same 
conditions as those referred to in p. 61, a galvanic coil being 
substituted for the large magnet.) The results obtained are 
confirmatory of the truth of the before stated mathematical 
theory of the galvanic current, the calculated positions of the 
small magnet, which entirely depend on that theory, agreeing 
closely with the observed positions. Farther, in the course 
of the discussions contained in the same Numbers of the 
Philosophical Magazine I have taken occasion to shew that 
the proposed hydrodynamical theories of magnetism and gal- 
vanism are capable of accounting for the facts which form the 
experimental basis of Ampere's Theorie des PMnomhnes Electro- 
dynamiques uniquement diduite de Fexperiencey and I have 
also thereby verified, excepting as regards one of the terms, 
the formulae which Ampfere constructed from his experiments. 
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It is, at the same time, to be remarked that, as I have ex- 
pressly indicated, explanations of magneto-galvanic phenomena 
are deducible fi;om the A priori hydrodynamical theories in- 
dependently of any reference to Ampfere's empirical theory, 
as plainly should be the case, considering the fundamental 
character of their hypotheses. It may be demanded of the 
d priori reasoning to account for any formula, however it may 
have been arrived at, if it be shewn by comparisons with ex- 
periment to be true; but not solely because it was deduced 
from experiment, as the process of deduction may need con- 
firmation. My researches give no support to the explanation 
of magnetic phenomena by galvanic action, although they 
explain why the action of a solenoid is approximately identical 
with that of a magnet. 

Since, according to our theory of physical force, an setherial 
current is produced wherever there is a regular gradation of 
atom-density in the interior of any substance, it might be 
expected that a lamina of metal heated unequally at the two 
ends would generate a current; and experiment shews that 
such is the fact. It has already been argued (p. 64) that a 
galvanic current is generated at the junction of two dissimilar 
metal plates soldered together. In Seebeck's experiment (as 
represented by Fig. 599 in Art. 777 of Atkinson's Ganot) the 
currents produced at the two junctions neutralize each other 
as being equal and opposite, till heat is applied to one of them, 
the eflfect of which is to make the opposite currents unequal, 
and thus to give rise to a residual thermo-galvanic current. 

I have now treated of, in sufficient detail for my purpose, 
the theories of all the difierent modes of action of physical 
force. The foregoing discussions may, I think, be considered 
to give at least primd fade evidence that the foundations of 
the Newtonian Philosophy, and the consequences deducible 
from them by mathematical reasoning, are as extensively 
capable of accounting for natural phenomena as, to be true, 
they are required to be. The evidence which would fully 
justify this conclusion is necessarily of a cumulative character ; 
and for this reason, in the course of the discussions, I have been 

5—2 
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careful to state any circumstances, whether as regards the 
mathematical reasoning or the experimental data, which might 
limit the applicability of the theoretical deductions, and to 
indicate in what directions eflforts are required to be made 
for rendering the theories more complete. In the meanwhile 
it is a matter of much significance that we have advanced so 
far without meeting with any contradiction of the fundamental 
hypotheses, or any proof of their insufficiency. To these 
reasons for recommending mathematical physicists to direct 
their eflforts towards the advancement of the Newtonian Phi- 
losophy, I shall here add a few other considerations, addressed 
more especially to. Cambridge students and prosecutors of 
science, for the purpose of indicating the peculiar advantages 
they possess for qualifying themselves to undertake this kind of 
research. 

In order to give a theoretical solution of any proposed phy- 
sical question, it is required to express the conditions of the 
question in symbolical equations consistent with, and limited 
by, the fundamental hypotheses of physics, and then to deduce 
the consequences of the premises from solutions of the equa- 
tions. For verifying a solution the mathematical results have 
to be compared with facts of observation. Thus the theoretical 
department of physics is characterized by the necessity of em- 
ploying therein A priori mathematical reasoning. Although 
special applications of the reasoning require experimental data^ 
the reasoning itself is prior to, and independent of, such data. 
For instance, Kepler's Three Laws might have been arrived at 
(with the aid of Galileo's laws of the action of a constant acce- 
lerative force), by mathematical reasoning foimded on the hypo- 
thesis of the variation of gravity according to the law of the 
inverse square, if no observations, such as those of Tycho Brahe 
and Kepler, had ever been made. It is worth noticing that the 
name of Galileo occurs in the Principia of Newton no less than 
six times in the first and second Books, and each time With 
reference to his dynamical discoveries, whereas Kepler is not 
mentioned till his law of the sesquiplicate ratio is adduced near 
the beginning of Book ill. under the designation oi Phenomenon 
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IV. He speaks also of Kepler*s "law of the Planets" in the 
Scholium to Prop. IV., Book ill. It seems, therefore, that Gali- 
leo, as being the discoverer of dynamical laws, was regarded by 
Newton himself as his forerunner rather than Kepler, who dis- 
covered only formal laws. Moreover, even Galileo's laws and 
the law of the inverse square are derivable (as I have intimated 
in pp. 58 and 59) by reasoning from the fundamental hypotheses 
of physics. 

But although data from experiment are not required for 
obtaining symbolic expressions of physical laws, this being the 
proper office of theoretical calculation, they are absolutely ne- 
cessary for ascertaining the exact numerical values of the arbi- 
trary quantities contained in the theoreticsil expressions of the 
laws. After these determinations have been made, the actuality 
of the laws is finally demonstrated by comparisons of numerical 
values calculated from, the expressions with all available ob- 
servations. Thus there is a necessary relation, at the same 
time that there is^ a broad distinction, between the experi- 
mental and the theoretical parts of philosophy. The reality 
and the data of physical science depend wholly on experi- 
ment ; mathematical reasoning is necessary for making it com- 
pletely science* Insofar as the experimenter establishes facts, 
and succeeds in grouping them under formulated laws, he fur- 
nishes problems the solutions of which have to be achieved by 
mathematical reasoning. The experiments pertaining to any 
branch of physics lay the foundation, and furnish the mate- 
rials, of an edifice which can be completely built up only by 
means of mathematics. From these considerations it will be 
seen, since the various branches of pure and applied mathe- 
matics hold a prominent place in the studies of the Cambridge 
University, and are embraced to their full extent by the 
teaching and the publications of its graduates, that there are 
advantages here, scarcely to be met with elsewhere, for pro- 
secuting the whole of physical science, especially jsince by the 
noble munificence of our Chancellor we have been furnished 
with a Physical Laboratory. Whether for the purpose of ac- 
quiring an exact knowledge of physical science, or for preparing 
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to make endeavours to extend its boundaries, this Institution 
supplies an indispensable requisite, by furnishing the means of 
witnessing or making the crucial and leading experiments of 
physics. Without acquaintance with these, such as can scarcely 
be acquired except by seeing them, the totality of physical 
science is not understood, and it would be to little purpose to 
attempt by original research to make advances in the theoretical 
part. 

The mathematics required in the system of theoretical phy- 
sics I have been advocating are not generally of a higher order, 
or less easily comprehended, than much that is read by the 
more advanced of the candidates for honours on the Mathe- 
matical Tripos, as may be seen by inspecting the contents of my 
work on " The Principles of Mathematics and Physics." They 
differ from the mathematics of ordinary dynamics in respect 
to the necessity, arising out of the hydrodynamical conditions 
of the problems, of forming and solving, sometimes to terms of 
the second order, differential equations containing not fewer 
than three variables. The application of such solutions, which 
involve not only arbitrary quantities, but also arbitrary func- 
tions, is attended with difficulties which in some instances are 
not yet overcome and invite farther enquiry. As there are no 
other means of getting answers to our interrogatories respect- 
ing the facts of nature, and their causes, than by forming and 
solving differential equations, and as the equations are more 
comprehensive the greater the number of variables they con- 
tain, the only way in which the advancement of theoretical 
physics is to be looked for is by extending and perfecting both 
the abstract theory of differential equations containing three or 
more variables, and the rules of the application of their inte- 
grals to*the relations of concrete quantities. 

I have had no occasion, as possibly may have been noticed, 
to refer to " Green's Theorem ", because, comprehensive as that 
theorem is, it wholly depends on the conception of "force arising 
from attractions or repulsions whose intensity is a function of 
the distance only from any number of points " (Maxwell, Elec- 
tricity and Magnetism, art. 70). Th0 calculation of the results 
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of the combined action of such forces is really effected by ordi- 
nary differential equations of the second order, used just as in 
the theory of universal gravitation, although certain functions 
of these equations admit of being put under the form of partial 
differential equations, quite distinct, however, in character 
from those which occur in Hydrodynamics. The principal 
application made of such partial differential equations is to 
account for the pressure of a continuous medium by means 
of accelerative forces directed to or from discrete points. Now 
even if it be admitted that the pressure of a medium is ex- 
plainable by this theory, it would be contrary to the principles 
of the Newtonian Philosophy to ascribe the pressure of the 
cether to such causation, because the existence and quality of 
that pressure are among the fundamental hypotheses from 
which all the different modes of physical force are to be 
deduced by mathematical reasoning. As pressure is the only 
kind of force immediately recognisable by the senses, it cannot, 
according to this philosophy, be referred to the action of 
any other force, but must itself account for all modes of force. 

I propose to conclude these remarks by giving a precise 
statement of the relation in which the principles of the New- 
tonian Philosophy, taken as I have endeavoured to exhibit 
them in this Essay, stand to modern physical science and its 
advancement, and to infer therefrom special reasons for adopting 
those principles in the system of Physics taught in this Univer- 
sity. The various means which have been employed for pro- 
moting physical science may be classed under the three heads 
of Experiment or Observation, Empirical Theory, and Hypo- 
thetical Theory, and the last may be subdivided into Speculative 
or Provisional Theory, and True Theory. Experiments and 
observations are made to discover and record facts, and to 
express their relations, as Kepler did, by formulated laws. 
In Empirical Theory it is also proposed to connect phenomena 
by formulated laws, but the formulae are arrived at exclusively 
by mathematical reasoning based on selected normal facts or 
laws, the reality of which has been certified by antecedent 
eocperience. For this reason such theory is empirical. Under 
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this head are to be classed Fourier's Theory of Heat, Ampere's 
Theory of the mutual action of galvanic currents, and his theory 
of the action of a galvanic current on a magnetic element, 
which, however, is partly hypothetical. In Hjrpothetical Theory 
the object is to account for phenomenally mathematical reason- 
ing founded on certain hypotheses which do not rest on any 
direct experimental evidence.. In that case the hypotheses 
can be proved to be true or false only by the results of com- 
parisons, of deductions from them with the phenomena proposed 
to be explained. If presumptive evidence of their truth should 
be established by a large number of comparisons, and no 
contradiction be met with, the phenomena will be accounted 
for with a proportionate degree of certainty. The physical 
theories of Fresnel, Poisson, and Cauchy are of this^ class. The 
hypotheses of these theories^ relate for the most part to the 
action of forces tending to or from points, and to an isotropic 
constitution of media. These hypotheses, so far as they are 
applied to the aether, are speculative. Such also is Ampere's 
hjrpothesis that magnetism may be explained by the action of 
galvanic currents. 

But the characteristic of True Theory is,, that, while it rests 
of necessity on hypotheses, it^ admits only such as are perfectly 
intelligible from sensation and experience,. It excludes, there- 
fore, action at a distance without an intervening medium, 
because the only kind of force our senses inform us of is 
pressure, which implies contact Newton. adcKpted respecting 
the ultimate parts of bodies certain hypotheses intelligible from 
sensation and experience, which he regarded as- *'the foundation 
of all philosophy," although he has also said ''hypotheses non 
fingo", making thus a distinction between necessary, hypotheses, 
and speculative or arbitrary hypotheses. The arguments in 
this Essay, as in all my productions relating to- theoretical 
physics, are directed towards shewing how to deduce by mathe- 
matical reasoning from hypotheses conforming to the above- 
named principle, results whereby phenomena may be explained, 
in order that concurrently with the explanations the truth of 
the hypotheses may be established. 
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In the theoretical department of physics the chief diflSculty, 
as it seems to me, does not consist in selecting the appropriate 
hypotheses, the selection being governed, as above said, by a 
regulative principle, but in applying and conducting the mathe- 
matical reasoning founded on the hypotheses. On this account 
in the present publication, as in previous ones, I have dwelt 
particularly ott points- where the mathematics seemed to require 
correction? or extension. To such points I beg more especially 
to call the attention of Cambridge mathematicians. Physical 
science is not established either by experiment alone, or by 
mathematics alone, but by a combination of both means. At 
the present time, in= consequence of the great advances that 
have recently been made in experimental phyi^cs, there is 
greater demand for eflforts being made in the- theoretical than 
in the experimental department. As Newton was the originator 
of theoretical physics, this demand could no* where be so ap- 
propriately met as in Newton's own University. The prestige 
of Newton's name calls upon the mathematicians of Cambridge 
to carry on what he began ; and all the more because, so far as 
I can learn, every where else, whether in Britain, or America, 
or on the Continent, the principles of his theoretical philosophy 
are either disregarded or misunderstood. I venture now to 
assert, as the main conclusion to which all the antecedent 
arguments point, that no real progress will ever be made in the 
theoretical department of physics, unless in the application 
of mathematics the rules of logic- be strictly adhered to, and 
unless Newton's "rules of philosophizing" be unreservedly 
accepted. 

I should have been glad to be able to say here that my self- 
imposed task was completed. Since, however, I cannot but 
be aware that the principles of the Newtonian Philosophy, 
which I have spent so much time and labour in upholding, 
are opposed and rejected by advocates of a totally different 
system of philosophy, I feel compelled to advert to the reasons 
that are alleged for this opposition. In the Number of the 
Philosophical Magazine for July 1867 (p; 16) Professor Sir 
W. Thomson pronounced certain of Newton's hypotheses re- 
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specting the ultimate qualities of atoms to be "monstrous". 
Some time before this (in the Phil. Mag. for October 1863) I 
had argued at considerable length that the hypotheses in 
Newton's Third Kule of Philosophizing are, what he asserts 
them to be, "the foundation of all philosophy". As well, then, 
on my own account, as in defence of Newton's reputation as 
a philosopher, I shall be justified in criticising closely the 
groimds on which Professor Thomson expressed so strongly 
his dissent from Newton's principles. On examination I 
find that he places implicit reliance on a mathematical in- 
vestigation whereby, as he judges, Helmholtz has shewn vortex- 
motion of a fluid to be of such '* an absolutely unalterable 
character" as to justify the inference that "vortex-rings are 
the only true atoms". The transition from "vortex-rings" 
to " atoms " appears to be a non sequitur. Besides this, I have 
to make the grave objection that Helmholtz's investigation 
rests on imperfect hydrodynamical principles. Having ob- 
tained a solution of the problem of vortex, or spiral, motion 
on principles supplemented in the manner indicated in pp. 
27 — 33, I certainly find that there is such persistence in this 
kind of motion, that it might be transmitted in a rectilinear 
course, to an indefinite distance, or for an indefinite length 
of time in a re-entering course, without undergoing alteration, 
provided only that the axis of the motion be coincident with 
the axis of a cylindrical conductor of fine wire. (See pp. 39 — 
41.) It is by the travelling of spiral motion along such a 
conductor that galvanic signals are sent across the Atlantic. 
If this condition were not fulfilled the vortex-motion of the 
aether would come to an end like that of the smoke-rings with 
which it has been compared. The necessity of the conductor 
for fulfilling the condition of unalterability is fatal to the 
vortex-atom. 

In what I have to say farther on vortex motion I shall take 
occasion to refer to a recently published work entitled "The 
Unseen Universe", so far, at least, as its contents have relation 
to physics. I do not know who are the authors of this pro- 
duction, but I can plainly discern that they strenuously ad- 
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• 

vocate the kind of philosophy which I am now calling in 
question, and, therefore, if I take their account of it, I am 
not likely to be liable to the charge of exaggeration, or mis- 
representation. In page 103 they say respecting the vortex- 
atom that " it yields to the least external force, and thus escapes 
the knife, or wriggles round it, so that it cannot be cut,— ♦ 
not, however, on account of its hardness, but on account of its 
mobility, which makes it impossible for the knife to get at it." 
Certainly this view accords with the literal meaning of the 
word ''atom". But how diflferent the vortex-atom from the 
atom of Newton ! The latter has only such sensible qualities 
as are proper for constituting a foundation for mathematical 
reasoning, whereas qualities are ascribed to the other which are 
only recognisable by means of mathematical reasoning of a 
very abstruse kind, whether we regard its rotational motion, 
or its " wriggling " motion, the latter probably requiring com- 
plex mathematical investigation still more than the other. 
What will the chemist say to such an atom as this ? I think 
I am right in entertaining the opinion that the origination 
of this vortex-atom is due to the overweening estimation in 
which Englishmen not unfrequently hold the scientific pro- 
ductions of foreigners. However this may be, the quality of 
the atom, and the process of reaching it, are utterly contra- 
dictory to the Newtonian principles of philosophy. 

The authors of the above-mentioned work object especially 
to the quality of *' hardness" which Newton ascribes to the 
least parts of bodies. The term is certainly not a good one, 
because it almost necessarily conveys a relative signification, 
whereas the definition of an atom must be absolute^ For this 
reason I take " hardness " to mean absolute constancy of form 
and magnitude, regarding this quality as having been imposed 
by the Will and Power that brought the atom into existence, 
and as being maintained by the same Power. If this view be 
objected to, it would be as reasonable to refuse to regard inertia 
as a quality of atoms ; for, like form and magnitude, this 
quality is perfectly intelligible from our experience of masses, 
is not subject to variation, nor does it depend on any ante- 
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cedent conditions, but must be conceived to have been origi- 
nally imposed,. and to be maintained, together with constancy 
of form and magnitude, by the will and power of the Creator 
of the Universe, 

Again, these authors ask, respecting the ''ultimate hard 
particles," what are they particles of? (p. lOo.) The answer 
is, that they are the constituents of the masses which we see 
and handle, having like them the properties of size, form, 
mobility, and inertia. If we know what these properties are 
in the masses, we know what they are in the atoms, and if we 
don't know what they are in substances which we see and 
handle, we don't know any thing. These ''least parts*', as 
Newton calls them, may be conceived to constitute bodies 
under certain conditions of arrangement, depending on the 
proper atomic and molecular forces of the bodies. 

As Newton attributed light, heat, electricity, and other 
manifestations of force, to the agency of a single elastic medium 
distributed through space, it is a legitimate extension of his 
principles to regard the pressure of this medium as the ulti- 
mate form of force. This view, however, is by no means 
accepted by the authors of " Unseen Universe ", 'who seem 
rather to take impact to be the simplest form* of force. I have 
been accustomed to regard the theorem that " impact is a short 
and violent pressure ", as one of the best things I learnt by 
attending the Lectures on Mechanics^ given by Airy as Lucasian 
Professor, inasmuch as it accords with the general principle 
that the ultimate form of force is pcessure. Exactly the re- 
verse of this is taught by the advocatea^ of the new phase of 
philosophy, who get pressure out of impact by a particular 
process described in pages 88 and 89 of the above-mentioned 
work. It will be sufficient for my purpose to advert only to 
the leading points of thi? process, as my main object is to 
point out the contrariety between this philosophy and that of 
Newton. 

"Assume that a great number of small equal spherical 
particles of matter are enclosed in a vessel of any form, and 
assume further that (either by collision or by repulsive force) 
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each of these has the power of rebounding from another, or 
from the wall of the vessel, as if it were elastic, and had unit 
coefficient of restitution^ as deiSned in treatises on natural philo- 
sophy.'^ [I remark, by the way, that in consequence of this 
last condition these paiiiicles have nothing in common with 
the Newtonian atoms ; also, tha?t according to the argument 
in p. 56, no two of the latter ever come into collision.] On the 
above assumptions, ''it can be shewn as a matter of direct 
calculation, that — start these particles as we please, in all sorts 
of directions, and with velocities as varied as we please^after 
a time, a sort of permanent state will be arrived at in which 
a certain law of distribution of velocity prevails among the 
particles (the same law as that of the Prohahility of Error), 
the greater number of them having nearly the mean square 
velocity.... The tendency is to an average distribution of these 
varieties of velocity throughout the vessel, and the impacts 
on the sides will thus be nearly the same on every square inch 
of surface." Under these circumstances 'individual particles 
may sometimes be moving with great, sometimes with very 
small, velocity,' ' 'but generally with the mean square velocity. 
Hence as the average " energy '* will be sensibly the same 
throughout the vessel, there is no possibility of getting work 
from its contents, excepting under the following conditions. 
*' Suppose a firm partition, full of little doors (themselves with- 
out mass) to be placed «o as te divide the vessel into two, and 
set a demon [defined to be, a conceivable finite being, having 
finite intelligence] at each door, with instructions to open it for 
an instant whenever he sees he can thereby let a quick-moving 
particle escape from the first compartment to the second, or 
a slow-moving particle from the second into the first." This 
process carried on long enough may be supposed "to make a 
considerable difference in the average velocities of the particles 
in the two compartments, i.e. a greater pressure per square inch 
on the walls of the second compartment than of the first; and 
thus, if the partition wall were moveable, a certain amount of 
work might be obtained by allowing it to move." Here I would 
ask, are not the above speculations to be classed with the 
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"somnia" of which Newton said "non confingenda sunt," and 
is not the necessity of calling in the aid oiintellectual "demons**, 
though it be only for ^* guidance ", a transgression of the bound- 
aries of physical science, and a fatal objection to the proposed 
theory of variation of pressure ? On this point, however, I 
intend to say a few words in another place. (See Appendix ii.) 

It might be thought that I have not done justice to the 
authors of "Unseen Universe" in imputing to them opposition 
to Newton's philosophy, when account is taken of the extensive 
applications they have made of Newton's Third Law of Motion 
in pages 74 — 77. But on this point . I have to say that my 
concern is exclusively with the necessary principles of theoretical 
philosophy, and that neither in the applications which these 
writers make of the Third Law, nor throughout their work, is 
there any recognition of the rule which I have so often cited as 
governing the hypotheses of Newton's theoretical philosophy, 
namely, that they must be such only as can be understood from 
sensation and experience. The only approach towards a re- 
cognition of this rule occurs in page 109, where they say, 
respecting "action at a distance", that "it is impossible (as 
Newton long ago pointed out in his celebrated letters to 
Bentley) for any one 'who has in philosophical matters a com- 
petent faculty of thinking' for a moment to admit the possibility 
of such action." (Faraday had already adopted the same view.) 
"Hence", the authors go on to say, "we have but two ways of 
accounting for gravitation: — either it is due to diflferences of 
pressure in a substance continuously filling all space, except 
where matter displaces it, or it is due to impacts." 

Now, as may be gathered from what I have said in this 
publication and elsewhere, I have adopted the former of these 
ways of accounting for gravitation, and claim to have proved 
mathematically that a series of undulations of the luminiferous 
aether, incident upon an atom free to move, will not only cause 
it to vibrate, but will also communicate to it an accelerated 
motion of translation either in the direction of their propaga- 
tion, or in the opposite direction, the aether and the atom being 
exactly such as they were defined to be in the fundamental 
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hypotheses. (Attractions caused by vibrations of the air have 
recently been experimentally recognised. See Phil. Mag. for 
April 1871, p. 279.) I claim also to have shewn mathematically 
that by accelerative forces due to variations of pressure in 
steady motions of the same medium electric and magnetic 
attractions and repulsions may be accounted for. 

In direct contradiction to these conclusions our authors 
assert — but give no reasons for the assertion — that "all attempts 
as yet made to connect gravitation with the luminiferous aether, 
or the medium required to explain electric and magnetic 
distance-action, have completely failed; so that we are ap- 
parently driven to the impact theory as the only tenable one" 
(p. 109). Accordingly they give consideration to a theory of 
this kind proposed by Le Sage of Geneva, their account of 
which I subjoin, as presenting an example of the speculations 
which modern physicists do not scruple to put in the place of 
true theory. 

"Le Sage assumes the existence of ultra-mundane cor- 
puscles, in infinite numbers, even compared with those of the 
particles of matter; of dimensions excessively small, but flying 
about in all directions with velocities enormously great. Por- 
tions of gross matter virtually screeji one another to a certain 
extent from the pressure due to this perpetual rain of cor- 
puscles; but only on the sides turned towards one another. 
Hence a lone body would be equally battered on all sides ; but 
the introduction of a second mass interferes with this arrange- 
ment, and diminishes the pressure on the side next it. It is 
easy to shew that the amount of this diminution, for given 
small masses, is inversely as the square of their relative 
distance. But when larger masses are taken account of, this 
diminution of pressure will not be (as gravity is) directly as tho 
quantities of matter present, unless the farther assumption is 
made that matter, whether by the great distance between its 
particles, or by the cage-like form of these particles, is almost 
perfectly permeable to the corpuscles ; so that, practically, the 
corpuscles rain upon the interior particles of a mass as freely as 
if each of them had been alone in space." 
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It is admitted that " some of the postulates of this theory 
are hard to grant," and the reader is referred to "Sir W. 
Thomson's account of it (Proc. R. S. E., 1871 ; and Phil. Mag. 
1873 (1), p. 321), and his suggestions for its improvement, based 
on his theory of vortex-atoms" (p. 110). I find on reading this 
account that the theory postulates so much, especially as regards 
the actuality of "cage-atoms" and *'«ltra-mundane globules", 
that it would be better, I think, to take the action at a distance 
to be only a convenient provisional hypothesis, than to accept 
this speculativve explanation of i't. Notwithstanding their 
approval, .as before mentioned, of Newton'-s dictum respecting 
such action, these physicists have evidently shewn preference 
for a mode of accounting for gravitation which is altogether at 
variance with the principles of his philosophy. Of course, from 
my point of view, by their refusal to regard the aether as a 
coni/inuous and pressing fluid, and to treat it mathematically 
as such, they reject a fundamental part of natural philosophy, 
and are driven by the necessities of a false position to make 
assumptions whidli are wholly imaginative, and on that account 
incapable of being verified by the application of any test. 

I propose next to make some remarks on the principle of 
" Continuity" of which so much is made in " Unseen Universe." 
It may oer-tainly be gathered from the arguments' in Grove's 
" Correlation of the physical forces" that all the forces of nature 
have something in common, — some bond of connection. Now 
this inference from experiments is fully accounted for by a 
theory which refers all the dififerent kinds of active force to 
variations of pressure of one and the «ame medium. What 
mutual relations th^re may be between the forces, or possi- 
bilities of transmutation from one to another, can only be 
ascertained with certainty by mathematical reasoning founded 
on intelligible hypotheses relating both to the qualities of the 
medium, and to those of the elements of the grosser bodies on 
which its pressure operates. From mathematical investigations 
carried on during a long time in this direction, I have seen 
good reason for inferring the unity of the physical forces from 
their having a common Origin in the pressure of the aether ; 
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but I fail to see how the word " continuity" is applicable in any 
general sense either to the forces or to their possible trans- 
mutations. Still less do I perceive how from any principle of 
continuity it follows that atoms were generated from "the 
invisible universe." If these terms are intended to signify 
what is usually called *^ the aether," it is clear enough that such 
a mode of generation suits the foregone conclusion that the 
atom has the quality of a vortex. But according to the 
Newtonian doctrine there are fundamentals in philosophy which 
we cannot reason up to, but. can reason from, and which, con- 
sequently (as I have already argued in p. 75), must be regarded 
as having received existence, and as continuing to exist, by the 
immediate will of the Creator of the Universe. In this class 
are included the aether, the atoms, and their respective qualities, 
all which, according to our principles, were created coordinately 
and independently. 

As already maintained, by mathematical -reasoning founded 
on the qualities of the aefther and of atoms, we are able to 
account for physical phenomena. Every instance of such 
reasoning from these principles, if brought to a successful issue, 
is an approach of our intelligenoe to the Supreme Intelligence 
whereby for the ends they answer the qualities were imposed* 
Since from our own consciousness we know that every act 
implies a purpose, it is reasonable to assume that the Creator 
formed these elements, and made their qualities such as they 
are, for the express purpose of thereby enabling us to come to 
a knowledge of the wonderful laws by which the operations of 
nature are governed. For fulfilling this purpose "all things 
are ordered in measure, number, amd weight." The knowledge 
of laws, thus acquired, brings us nearer to the intellectual nature 
of God, as the practice of moral laws brings us nearer to His 
moral nature. This view of the character and intent of physical 
laws is a complete — perhaps the only complete — answer to 
Hume's doctrine of the antecedent necessity of laws, and the 
invariable sequence of phenomena. The authors of " Unseen 
Universe" have unreservedly admitted the reality of creation 
as effected by a Personal Creator, and in consequence cannot 

CH. 6 
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consistently object to interruptions of continuity which may be 
classed under the head of creative acts. I think, therefore, it 
is with some degree of inconsistency that they insist on the 
above mentioned principle of continuity as having determined 
the mode of the creation of atoms. 

In the Chapter on Development the following passage occurs 
(p. 132) : — " We think it is not so much the right or privilege 
as the bounden duty of the man of science to put back the 
direct interference of the Great First Cause — the unconditioned 
— ^as far as he possibly can in time. This is the intellectual or 
rather theoretical work which he is called upon to do — the post 
that has been assigned him in the economy of the universe." 
It will be seen that this "intellectual work" is different from 
that which I spoke of just now, which has reference to acquiring 
a knowledge of the operations of nature that are going on at 
present. With respect to the remote past I admit that it is 
a legitimate and interesting department of philosophy to make 
enquiries respecting the primordial conditions of the animal, 
vegetable, and material world, and (for instance) to endeavour 
to deduce from facts of geology and the revelations of the 
Telescope, what may have been the original status of the earth, 
and of cosmical matter generally, and what changes they may 
have undergone. I do not, however, see that the man of science 
is called upon to "put back" any thing; he has only to draw as 
much knowledge as he can from the use of the means of in- 
vestigation he has in his power. These researches will of course 
be attended with great difficulties on account of the remoteness 
in time of the facts to be explained; but the principles on which 
they are to be conducted cannot be different, as far as the 
operations of physical force are concerned, from those that are 
applicable to the Physics of modem science. The probability 
of success in such researches will be increased in proportion as 
advances may be made at present in the department of theo^ 

rettcal physics. 

In modem physics the word " Energy" is of very frequent 
occurrence, and it is therefore of importance to understand ex- 
actly what it means. In Treatises on Dynamics (as in Pratt's 
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Mechanical Philosophy, Arts. 496 — 499) a general symbolic ex- 
pression of a dynamicaliaw is obtained in the form of an equation. 
The equation is general because it is arrived at without reference 
to the conditions of any particular problem, and therefore applies 
to all problems of ordinary dynamics ; for which reason also the 
Law that it expresses is general. If this Law be called the 
Law of Vis Viva, the general equation might appropriately be 
called, The equation of Vis Viva. It is not logical to speak of 
Principle of Vis Viva, because the expression of the Law of 
Vis Viva is reached by reasoning from antecedent principles. 
The sole principles on which the calculation of the general 
equation of Vis Viva rests are the fundamental Laws of Motion, 
and the symbolic expression of force by the second dififerential 
coeflScient of space with respect to time. It is stated in p. 75 
of "Unseen Universe" that Vis Viva is the old name for 
Energy. This being the case, I now make the remark that, 
considering the fundamental principles on which the equation 
of Vis Viva, or Energy, rests, all that has been said, or can be 
said, about energy in ordinary dynamics, whether it be "kinetic" 
energy, or "potential" energy, or "the power of doing work," is 
simply derivable from that equation either hj general deduction, 
or by assigning to the letters by which the forces are signified, 
and to the arbitrary constants, values appropriate to specific 
questions. Consequently, as far as regards ordinary dynamics, 
Energy (being formulated by an equation) has a determinate 
meaning, traceable from first principles. 

But on passing from ordinary dynamics to the dynamics of 
Physics, or generally to dynamics requiring the application of 
partial differential equations, although the fundamental prin- 
ciples are still the same, no general equation corresponding to 
the formula for the Law of Vis Viva has hitherto been dis- 
covered. Consequently when Energy is spoken of relatively to 
the higher dynamics, it is not possible in the present state of 
physical science exactly to define its application, or to derive 
its meaning from first principles. For this reason I think it 
is undesirable that the word "Energy" should be put before 
our students; for if it means the same as Vis Viva it is not 

6—2 
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required, and any other signification it may have is at present 
vague and indeterminate. Possibly the Law of the Mechanical 
Equivalence of Heat (spoken of in p. 59), which I have made 
some attempt to account for on the principles of the hydro- 
dynamical theory of physical force by the reasoning given in 
'Principles' pp. 481 and 482, may eventually be the means of 
conducting to a general equation of Energy applicable to the 
dynamics of Physics. 

After what has been previously said I need not spend words 
in indicating how incoinpatible with the principles I have been 
maintaining are the arguments in "Unseen Universe" from 
which "dissipation" or "exhaustion" of energy is inferred and 
an estimate is formed of the possible duration of the present 
order of Nature. According to our principles, so long as the 
elasticity of the aether, and the qualities of the atoms, remain 
unchanged, the energy of the universe, being thence derived, 
must continue to be the same. It seems to me that The Law 
of Exchanges (spoken of in p. 57), which has been established 
experimentally with respect to heat, has an important bearing 
on this question. According to this Law there is every where 
an equilibrium of temperature, and a tendency to return to this 
state if the equilibrium be disturbed. Now since according to 
our principles the setherial vibrations to which central attrac- 
tions and repulsions are due, are ultimately composed of vibra- 
tions of the lowest order, which act repulsively as heat, it may 
be presumed that the same law of exchanges and consequent 
equilibrated condition pertain to all central forces, and in- 
clusively to the force of gravity. Thus the gravitation of each 
body of the Solar System, and that of each component of the 
aggregate of all such systems, are uniform quantities, or, at 
least, are only subject to insensibly small oscillations about 
mean values. I take occasion to add that although within the 
Solar System, and far beyond, the gravitation-waves may be 
every where attractive, at the vast distance of the nearest fixed 
star from the Sun the excursus of an setherial particle might 
become small compared to the diameter of an atom, in which 
case, as has already been supposed, the attraction would be 
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converted into repulsion. Consequently neighbouring stars 
would be mutually repulsive. This repulsion might be counter- 
acted by an attractive order of waves produced by composition 
of the waves emanating from all the members of the stellar 
system, and thus the stability of the whole heavens would be 
secured. (See 'Principles' p. 505.) It is evident that the Will 
and the Power that created and upholds this order of the 
Universe might at any time put an end to it ; but that this 
will be, or when and how it may be, physical science gives no 
means of telling. 

I have now completed an ungracious task, imposed upon me 
by the necessity of having to find fault. It is with reluctance 
that I have taken up a position antagonistic to the philosophical 
views of contemporaries who, I have reason to think, are very 
eminent as physicists and mathematicians. I felt compelled to 
do this from having observed that the Newtonian principles of 
theoretical philosophy are at this time either neglected, or 
strenuously opposed, that true theory is in danger of being 
overwhelmed by speculations such as those I have had occasion 
to advert to in this work, and that this questionable phase of 
philosophy is beginning to make its way in the Cambridge 
system of Mathematics. The contention between me and my 
opponents is the old one of experiment versus theory. Flam- 
steed thought that the laws of the Moon's motions might be 
extracted from his observations apart from Newton's theoretical 
calculations. It was Faraday's failing to attempt to theorize 
without mathematics, in consequence of which he was led to 
entertain the idea that the force of gravitation exists only 
so far as it has matter to act upon. Dr Tyndall does not hesitate 
to maintain that imagination is entitled to take a part in 
physical research, not being aware, apparently, that although 
such aid may with advantage have been invoked in conducting 
experiments, in theory that is made truly such by being based on 
information given immediately by the senses, there is no place 
for imagination. The divergence between my philosophical 
views and those of physicists who agree with the authors of 
"Unseen Universe" has an origin of the same kind. While 
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I endeavour to account for experimental facts by mathematical 
reasoning founded, as just stated, on primordial sensible entities, 
they seek to make a foundation for theory out of experiment. 
This explains the occurrence in their writings of such terms as 
*'work", "ergal", "reversible engine*', "^^^^f^^^^red article", 
&c., used in such manner as to shew that their method of philoso- 
phy is rather an exercise of the perceptive, than of the reasoning, 
faculty. I regard with great admiration the ingenuity of the 
contrivances and fertility of resource whereby modem ex- 
perimenters perform the necessary part of ascertaining facts and 
formulating laws (the more so, perhaps, because I am conscious 
that this is not my department), but they are under complete 
misapprehension if they expect that what may be eflfected by 
experiment can supersede the part that consists of mathematical 
reasoning founded on the Newtonian principles of philosophy. 
The old adage, Ne sutor ultra crepidam, applies even here. 
The parts are essentially distinct, but one is as necessary as the 
other for making up complete physical science. 

The two works I have so often referred to in the course of 
these Remarks under the designations, 'The Principles' and 
*The Essay', were composed chiefly for the purpose of bringing 
more into notice, and maintaining, the principles of philosophy 
which Newton considered to be necessary and fundamental, and 
extending the application of them as far as might be practicable. 
I am well aware that the larger work contains numerous faults 
and imperfections, as was to be expected in a first attempt to 
accomplish so extensive and complex an undertaking. If I 
were now to re-write that Volume I should make many cor- 
rectioiis, and curtail much that has only personal or temporary 
relation to the main object, and I should take occasion to add 
some results of physical investigations which I have contributed 
to the Philosophical Magazine since the Volume was published. 
My object being, as I have just said, to carry out Newton's 
principles of theoretical philosophy, the work as to character, 
whatever may be the merits of the execution, holds the same 
place relatively to modern physical science as Newton's Prin- 
cipia did to the science of his day. The same ground is not 
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occupied by any existing Treatises on Natural Philosophy or 
Physics, however useful and complete they may be in other 
respects, and I think, therefore, that it is not without reason 
that I feel a desire to be released from the more immediate 
duties of my Professorship, in order that I might have complete 
leisure for preparing a new edition of the portion of this work 
that embraces Physics, with the view of producing a Treatise 
on the Theoretical Principles of Experimental Philosophy as 
exact in point of reasoning, and as free from defects, as in the 
existing state of physical science may be possible. I should 
hope by this means not only to add something to the scientific 
reputation of the University, but also to compose a work which, 
as not demanding any mathematics of a more transcendental 
character than the applications of partial difierential equations, 
might be thought fit to be put into the hands of Candidates for 
Mathematical Honours. Remembering, however, the historical 
precedent furnished by the fact that the Vortices of Des Cartes 
held their ground a long time against Newton's Prindpia, I do 
not feel confident that this view will be assented to by my 
scientific contemporaries. 



.APPENDIX I. (See p. 30.) 

The Theorem enunciated in p. 30 relative to the applications 
of analysis, being perfectly general, must be true of its applica- 
tions in geometry. Now there are geometrical problems in the 
Calculus of Variations the solutions of which, in the opinion of 
some mathematicians, analysis /ai7^ to give. Two problems in 
particular have been thought to exhibit instances of such 
failure: (1) "To determine the plane curve joining two given 
points which by revolving round a given axis in its plane will 
generate a surface of minimum area "5 (2) "To determine a 
solid of revolution the surface of which is given, so that it may 
cut the axis at given points and have a maximum value". 
Solutions of both problems have been obtained in which the 
two points are connected by discontinuous or broken lines. 
Since, however, it is possible to draw from one point to the 
other different continuous lines giving gradations of values of 
the surface in the first problem, and gradations of values of the 
solid in the other, it is certain that there must be a particular 
continuous line corresponding to a minimum surface in the first 
case, and one corresponding to a maximum solid in the other. 

Not being able to admit that analysis was incapable of 
giving the equations of these two lines (for in that case the 
above cited Theorem would be violated), I made various at- 
tempts, although such a research was out of my province, to 
obtain these equations, but without success, till at length I 
discovered that the difficulty might be overcome by a method 
of integrating differential equations involving both the principle 
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of integrating by a factor and that of integrating by differentia- 
tion. In the Philosophical Magazine for November 1873 I have 
exhibited, by means of a general theorem, the principle of that 
method of integrating, and the most general way of applying it. 
For my present purpose it will suffice to state in what manner the 
process has been applied in the instances of the two problems 
above mentioned. It is possible that a differential equation F= 
of the second order may have an integral containing three arbi- 
trary constants, but only oa the condition that the differential 
equation of the third order obtained by eliminating these con- 
stants from the integral is verified by the two equations F= and 

-i—=0, and not by either singly. The reason is that as the 

dF 
equation ;!— = is a necessary consequence of F= 0, the latter 

equation, in case the above conditdon is fulfilled, is really of the 
third order. In each of the problems F= is of the second 
order, and an integral containing three arbitrary constants, and 
satisfying the above condition, is. obtained, which accordingly 
gives the equation of the required line-. This method, however, 
may require additional confirmation, and if true, admits of 
being more extensively applied. I leave it to the consideration 
of younger mathematicians. 



APPENDIX II. (See page 78.) 

According to views the maintenance of which has been the 
principal object of this publication, physical science consists 
essentially of two distinct parts; in one, facts are ascertained 
by observation and experiment, and after being recorded and 
grouped, are included, as far as may be, under formulated laws ; 
in the other, reasons are given for the facts and laws by means of 
mathematical calculation founded on ultimate hypotheses. The 
selection of the hypotheses is regulated by two principles ; (1) 
they must be such as are rendered comprehensible by ante- 
cedent information given immediately by the senses ; (2) they 
must not be quantitative in such manner as to admit of being 
arrived at by mathematical reasoning, but must be appropriate 
foundations of such reasoning. Hence in proportion as the 
respective objects of the experimental and mathematical parts 
are successfully attained, Physics is made truly a science, and is 
complete in itself. Consequently any admixture of metaphysics 
with it is needless and incompatible. But although this be 
true there is an intimate relation between Physics and Meta- 
physics of such nature, that it may be questioned whether the 
latter has any secure scientific basis antecedently to the estab- 
lishment of the other by experiment and reasoning. I have in 
some degree adverted to such relation in pp. 75 and 76 of the 
present work, and have treated of it more at length in the 
General Conclusion at the end of * The Principles of Physics' 
(pp. 679 — 687). I think I have there said almost as much as 
there is need for a physicist to say on this subject. I propose, 
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however, to make here a few additional remarks upon it, on 
account of their having been suggested by reading the contents 
of " Unseen Universe". 

Since the law according to which variations of the pressure 
of air of given temperature are in exact proportion to variations 
of its density is due, according to our principles, to the dynamical 
action of the aether, the pressure of which has been assumed to 
vary with its density according to the same law, it might be 
argued that the law for the aether is due to the operation of 
another aether of still greater tenuity, and having the same re- 
lation between its pressure and density; and so on, ad libitum. 
It may be noticed that this conception of successive aethers is 
very analogous to the idea of " invisible universes" of successive 
orders proposed in pp. 170 — 172 of "Unseen Universe". In my 
views, however, there is nothing analogous to the generation of 
atoms out of the aether or first invisible universe, of this out of 
the next, and so on. Assuming this succession of aethers to be 
a reality, it would suffice, I think, to regard them as existing 
and having their qualities by the immediate will of the Creator. 

But must we conclude that these successive aethers are as 
actually existent as the aether which we consider to be the 
medium of the transmission of light ? I think not. This con- 
ception of succession of aethers may only be the outcome of our 
finite intelligence when we trace the operations of nature as 
far as our powers of enquiry allow us to go. In the same way 
we are obliged to think of time, and space, and the aether, as 
extended ad libitum. Now since this mode of thinking of time 
and space as indefinitely extended does not aflfect our cognition 
of, and actual relations to, time and space, so neither does the 
conception of an indefinitely extended aether, and of an in- 
definite succession of aethers, aflfect in any way our cognition of 
the one aether whose existence we are assured of by phenomena., 
In short it appears to me that the only legitimate inference to 
be drawn from our capability of forming such ad libitum con- 
ceptions respecting time, space, and the aether, is, that we thus 
learn that these entities exist, and are such as they are, by a 
Supreme WiU. 



92 APPENDIX Ii: 

Inasmuch as according to our philosophy pressure is the 
only form of physical force, because it is the only kind of force 
we can recognize by conscious agency, it might be contended 
that on this principle there must be the consciousness of an 
agent in every operation of nature. I confess that I am unable 
to resist this conclusion, being of opinion that it is inconceivable 
that there can be any thing done — any fact — apart from the 
will and purpose of an agent. It was legitimate to assume the 
existence of an aether having the properties of pressing, and of 
pressing proportionately to its density, provided it could be 
shewn that these hypotheses were necessary for giving reasons 
for natural phenomena. Let it be assumed that this has been 
shewn, or may be shewn, by our system of philosophy, and that 
thus the pressure and variation of pressure of the aether may be 
proved to be realities. The question may then be asked, What 
account can be given of the agency concerned in this pressure 
and variability of pressure? It is to be noticed that this 
is not a physical question; we have now passed the boundary 
.of physics. It can, therefore, receive answer only by reference 
to metaphysical, or spiritual, agency. My principles, conse- 
quently, do not oblige me to object in toto to the "demons 
of finite intelligence" introduced, as mentioned in p. 77, to 
account by their agency for variation of pressure, but I object 
to their being introduced in the department of physics, (Also 
I would give them the name of "angels", or "ministers", 
rather than call them "demons".) It seems to me not un- 
reasonable to suppose, since we, as partaking of a spiritual 
nature, are endowed with power over the gross matter which 
constitutes our bodies, to move it at our will within pre- 
scribed limits, that there may be intelligent spiritual beings 
of another order by whose conscious and immediate agency, 
exerted in fulfilment of their Maker's will, the pressure of 
the aether, and the law of variation of its pressure, are main- 
tained, that thereby it may perform its destined physical func- 
tions. This view is in conformity with the teaching of the 
Scriptures respecting angels, to whose agency they uniformly 
ascribe what we call Nature's operations, apparently because, as 
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I have already said, it is inconceivable that there can be any 
production, or event, apart from the purpose and consciousness 
of an operator. 

After what has just been said I think it right to advert 
briefly to the parts of "Unseen Universe" in which physical 
science is brought into connection with some of the deepest 
mysteries of the Christian Eeligion. I am far from being one 
of those who object altogether to taking account of any relation 
between the science of Nature and the science of Scripture. 
In fact I believe that physical science well established on the 
basis of the Newtonian principles will eventually become the 
''handmaid", of religion. But the relation of the one to the 
other needs to be very carefully handled, — with cool judgment 
and well sustained argument. Inconsecutiveness of assertions, 
and incoherent references to authority, will certainly be taken 
advantage of by the acute sceptical spirits of the present day. 
Also before drawing inferences from relations of physical science 
to Scripture, it is plain that we ought to be quite sure of our 
science. From the contents of this work it will be seen that 
physical science is not the same thing in my view as in that of 
the authors of "Unseen Universe". In consequence of which, 
without disapproving of their purpose, I am obliged to dissent 
altogether from the arguments whereby they attempt to explain 
the mysteries of Christianity. 



THE END. 
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VERGILIUS. Ex recensione J. ConingtQn,A.M. $s.6d, 
XENOPHONTIS EXPEDITIO CYRI. Recensuit J. 

F. Macmichael, A. B. 2s. 6d, 

NOVUM TESTAMENTUM GRAECUM, Textus Ste- 
phanie!, 1550* Accedunt variae lectiones editionum Bezae, 
Elzeviri, Lachmanni, Tischendorfii, Tregellesii, curante F. H. 
Scrivener, A.M. New edition, 4J. 6d, An Edition with 
wide margin for notes, *js. 6d, 

Camdntige Cert0 tottt) n^otes. 

A Series of the most usually read of the Greek and Latin Authors, 
with Introduction and Notes by eminent Scholars. The texts will 
be mainly those of the '* Bibliotheca Classlca," and the "Grammar 
School Classics." 

EURIPIDES. Alcestis. By F. A. Paley, M.A. 
Fcap. 8vo. IS. 6d. 
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AESCHYLUS. Prometheus Vinctus. By R A. Paley, 
M.A. Fcap. 8vo. u. tdt 

OVID. Selections from the Amores, Tristia, Heroides, 
Metamorphoses. By the Rer. A.J. Macleane, M.A. u. dd. 

EURIPIDES' MEDEA. By F. A. Paley, M.A. 

[Preparing, 

Public ^cliool ^ettes. 

A Series of Classical Texts, annotated by well-known scholars, 
with a special view to the requirements of upper forms in Public 
Schools, or of University Students. 

ARISTOPHANES. The Peace. A Revised Text 
with English Notes and a Preface. By F. A. Paley, M. A. 
4^. (id. 

CICERO. The Letters of Cicero to Atticus, Bk. I. 
With Notes, and an Essay on the Character of the Writer, 
Edited by A. Pretor, M.A., late of Trinity College, Fellow of 
St. Catharine's Collie, Cambridge. Crown 8vo. 4J. 6flf. 

DEMOSTHENES de Falsa Legatione. I^ourth edition, 

carefully revised. By R. ShUleto, M.A, Fellow of St Peter's 
College, Cambridge. Crown 8vo. 6j. 

— ' — The Oration Against the Law of Leptines. With 
English Notes and a Translation of Wolfs Prolegomena. By 
W. B. Beatson, M. A., Fellow of Pembroke College. Small 
8vo. 6s. 

PLATO. The Apology of Socrates and Crito, with Notes. 

critical and exegetical, by Wilhelm Wagner, Ph. D. Small 
Svo. 4J. 6d, 

The Phaedo. With Notes, critical and exegetical, 

and an Analysis, by Wilhelm Wagner, Ph. D. Small Svo. 
5^. 6d. 

The Protagoras. The Greek Text revised, with 

an Analysis and English Notes. By W. Wayte, M. A., Fellow 
of King's College, Cambridge, and Assistant Master at Eton. 
Svo. Second edition. 4s. 6d, 

PLAUTUS. Trinummus. With Notes, critical and exe- 
getical By WiUiehn Wagner, Ph. D. Small Svo. 

[/^ew edition f in tiupress^ 
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SOPHOCLIS TRACHINIiE. With Notes and Pro- 
legomena. By Alfred Pretor, M. A., Fellow of St Catherine's 
College, Cambridge. [Preparing. 

TERENCE. With Notes, critical and explanatory. By 
Wilhelm Wagner, Ph. D. Post 8vo. los, 6d, 

THEOCRITUS. With Short Critical and Explanatory 

Latin Notes. By F. A. Paley, M. A. Second edition, cor- 
rected and enlarged, and containing the newly discovered Idyll. 
Crown Svo. 4s. dd. 

Others in preparation. 



Critical anti annotatet €tiition0. 

AETNA. Revised, emended and explained by H. 
A. J. Munro, M.A., Fellow of Trinity College, Cam* 
bridge. 8vo. 3J. 6^. 

ARISTOPHANIS Comoediae quae supersunt cum perdi- 

tarum fragmentis tertiis curis recognovit additis adnotatione critica 
summariis descriptione metrica onomastico lexico Hubertus 
A. Holden, LL. D. [Head-Master of Ipswich School; Classical 
Examiner, University of London.] 8vo. 

Vol. I. containing the Text expurgated with Summaries and 
critical notes, \%s. 

The Plajrs sold separately ; Achamenses, 2j. Equites, i j. 6</. 
Nubes, I J. dd, Vespae, 2J. Pax, ix. 6^. Aves, 2j. L3rsis- 
trata, et Thesmophoriazusae, 3^. Ranae, 2x. Ecdesiazusae et 
Plutus, 3J. 

Vol. II. Onomasticon Aristophaneum continens indicem 
geographicum et historicum. 5j. 6^. 

Pax, with an Introduction and English Notes. By 

F. A. Paley, M. A. Fcap. 8vo. 4^. 6^. 

EURIPIDES. Fabulse Quatuor. Scilicet, Hippolytus 

Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in Tauris. 
Ad fidem Manuscriptorum ac veterum Editionum emendavit et 
Annotationibus instruxit J. H. Monk, S.T.P. Editio nova, 
8vo. Crown 8vo. I2j. 
Separately — Hippolytus, Cloth, 5j. Alcestis, Sewed, ^, 6d 

HORACE. Quinti Horatii Flacci Opera. The text re- 
vised, with an Introduction, by H. A. J. Munro, M.A., 
Fellow of Trinity College, Cambridge, Editor of "Lucretius." 
Illustrated from antique gems, by C. W. King, M. A., Fellow 
of Trinity College, Cambridge. Large 8vo. i/. is. 
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LIVY. Titi Livii Historise. The first five Books, with 
English Notes. By J. Prendeville. Eighth edition. i2mo. 
roan, $s. Or Books I. to III. 3^. 6d, IV. and V. y, 6d. 

LUCRETIUS. Titi Lucret; Cari de Rerum Natura 

Libri Sex. With a Translation and Notes. By H. A. J. 
Munro, M.A., Fellow of Trinity College, Cambridge. Third 
edition revised throughout, 2 vols. 8vo. VoL I. Text, I dr. 
Vol. II. Translation, 6s, Sold separately. 

OVID. P. Ovidii Nasonis Heroides XIV. Edited, with 

Introductory Preface and English Notes, by Arthur Palmer, M. A*, 
Fellow of Trinity College, Dublin. Demy 8vo. 6s, 

PLAUTUS. Aulularia. With Notes, critical and exe- 

getical, and an Introduction on Plautian Prosody. By Wilhelm 
Wagner, Ph. D. 8vo. qj. 

PROPERTIUS. Sex. Aurelii Propertii Carmina. The 
Elegies of Propertius, with English Notes. By F. A. Paley, 
M.A., Editorof "Ovid's Fasti," "Select Epigrams of Martial," 
&c Second edition, 8vo. cloth. 9^. 

THUCYDIDES. The History of the Peloponnesian 

War. With Notes and a careful Collation of the two Cam- 
bridge Manuscripts, and of the Aldine and Juntine Editions. 
By Richard ShiUeto, M. A., Fellow of S. Peter's College, 
Cambridge. Book I. 8vo. dr. 6d. Book II. in the press, 

GREEK TESTAMENT. With a Critically revised Text ; 

a digest of Various Readings ; MkrginkL ""inferences to 
verbal and idiomatic usage; Prolegomena; and k., critical 
And exegetical commentary. For the use of th^logical 
students and ministers. By Henry Alford, D. D., late I^^^ of 
Canterbury. 4 vols. 8vo. Sold separately. 

Vol. I., Seventh Edition^ the Four Gospels, i/. %s. 
Sixth Edition^ the Acts of the Apostles, Epistles to th^ 
and Corinthians, i/. 4J. — Vol,!!!., Ei/th Edition, 
to the Galatians, Ephesians, Philippians^ Colossiai 
lonians,— to Timotheus, Titus, and Philemon. iSs, — Vol. IV. 
Part I., Eourth edition. The Epistle to the Hebrews : The 
Catholic Epistles of St James and St. Peter. i8j.— Vol. IV. 
Part II. , Eourth edition. The Epistles of St. John and St. Jude, 
and the Revelation. 14J. Or Vol. IV. in one Vol. 32J. 

A 2 
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A LATIN GRAMMAR. By T. Hewitt Key, M.A., 
F. R. S., Professor of Comparative Grammar, and Head Master 
of the Junior Sohool, in University Collie. Sixth Thousandy 
with new corrections and oddiHons. PostSvo. &f. 



latin anti (2^teeft Clas0 iBooitg. 

BADDELEY. Auxilia Latina. A Series of Progres- 
sive Latin Exercises. By the Rev. J. B. Baddeley, M.A. 

\In the Press. 

CHURCH (A. J.) Latin Prose Lessons. By Alfred J. 

Church, M. A., Head Master of the Grammar School, Retford. 
A new edition, Fcap. 8vo. 2s, 6d, 

DAVIS and BADDELEY. Scala Graeca : a Series of 

Elementary Greek Exercises. By the Rev. J. W. Davis, 
M. A., Head Master of Tamworth Grammar School, and R. W. 
Baddeley, M. A. Second edition, Fcap. 8vo. cloth. 2J. 6d» 

FROST (P.) Eclogae Latinse : or First Latin Reading 

Book, with English Notes and a Dictionary. By the Rev. 
P. Frost, M.A., St John's College, Cambridge. New edition, 
Fcap. 8vo. 2J. (id, 

Materials for Latin Prose Composition. N^ 

edition, Fcap. 8vo. 2s, dd, 

Key. 4J. 



— A Latin Verse Book. An Introductory Work on 

Hexameters and Pentameters. Fcap. 8vo. 3j. New edition^ 
revised and enlarged. 

Key. 5^. 



— Analecta Grseca Minora, with Introductory Sen- 
tences, English Notes, and a Dictionary. New edition^ revised 
and enlarged, Fcap. Svo. y, dd, 

— Materials for Greek Prose Composition. Con- 
structed on the same plan as tjie ** Materials for Latin Prose 
Composition." Fcap. Svo. 3^. (id, 

Key. 5j. 



GRETTON (F. E.) A First Cheque Book for Latin 

Verse Makers. ^ By the Rev. F. E. Gretton, Head Master 
of Stamford Free Grammar School, sometime Fellow of St. 
John's Collie, Cambridge. \s. dd, 

A Latin Version for Masters. 2s, dd. 
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GRETTON (F. E.) Reddenda ; or Passages with Paral- 
lel Hints for Translation into Latin Prose and Verse. Crown 
8vo. 4^. dd. 

Reddenda Reddita; or Passages from English 



Poetry with a Latin Verse Translation. Crown 8vo. dr. 

HOLDEN (H. A.) Folionim Silvula. Part I. Being 
Passages for Translation into Latin Elegiac and Heroic Verse, 
edited by Hubert A. Holden, LL.D., late Fellow of Trinity 
College, Head Master of Queen Elizabeth's School, Ipswich. 
Sixth edition. Post 8vo. *js. dd, 

— — Foliorum Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. By 
Hubert A. Holden, LL.D. Third edition. Post 8vo. 5x. 

Foliorum Silvula. Part III. Being Select Passages 

for Translation into Greek Verse, edited with Notes by 
Hubert A. Holden, LL. D. Third edition* Post 8vo.. %s. 

Folia Silvulse, sive Eclogae Poetarum Anglicorum 

in Latinum et Graecum conversae quas disposuit Hubertus A. 
Holden, LL.D. Volumen Prius continens Fasciculos I. II. 
8vo. loj. dd, Volumen Alteram continens Fasciculos III. 
IV. 8vo. 125, 

Foliorum Centuriae. Selections for Translation 

into Latin and Greek Prose, chiefly from the University and 
College Examination Papers. By Hubert A. Holden, LL. D. 
Fifth edition. Post 8vo. 8s. 

KEY (T. H.) A Short Latin Grammar, for Schools. 
By T. H. Key, M. A., F. S. A., Professor of Comparative 
Grammar in University College, London, and Head Master of 
the School. Eighth edition. Post 8vo. 3^. dd, 

MASON (C. p.) Anal)rtical Latin Exercises; Acci- 
dence and Simple Sentences, Composition and Derivation qf 
Words and Compound Sentences. By C. P. Mason, B.A., 
Fellow of University College, London. Post 8vo. 3^. dd, 

PRESTON (G.) Greek Verse Composition, for the use 

of Public Schools and Private Students. Being a revised 
edition of the * * Greek Verses of Shrewsbury School." By George 
Preston, M.A., Fellow of Magdalene College. Crown 8vo. 
\s, dd. 
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Cla00ical Catiles. 

GREEK VERBS. A Catalogue of Verbs, Irregular 
and Defective ; their leading formations, tenses in use, and 
dialectic inflexions, with a copious Appendix, containing 
P aradigms for conjugation, Rules for formation of tenses, &c. 
&C. By J. S. Baird, T. C. D. New edition^ revised, 2j. 6</. 

GREEK ACCENTS (Notes on). On Card, 6//. 

HOMERIC DIALECT. Its Leading Forms and Peculi- 
arities. By J. S. Baird, T. C. D. i j. (id, 

GREEK ACCIDENCE. By the Rev. P. Frost, M. A. \s. 

LATIN ACCIDENCE. By the Rev. P. Frost, M.A. u. 

LATIN VERSIFICATION, u. 

NOTABILIA QU-^DAM : or the Principal Tenses of 

most of the Irreigular Greek Verbs and Elementary Greek, 
Latin, and French Constructions. New edition, is. 6d, 

RICHMOND RULES TO FORM THE OVIDIAN 

DISTICH, &a By J. Tate, M. A. New edition, is, 6d, 

THE PRINCIPLES OF LATIN SYNTAX, is. 



Cran5latton0, Selections, ann 3inu0^ 

tratet <2Etitttong. 

%• Many of the following books are well adapted for school 
prizes. / See also pages 87-90. 

AESCHYLUS. Translated into English Prose, by F. A. 
Paley, M. A., Editor of the Greek Text. Second edition^ 
revis&i, 8vo. *J5. 6d. 

Translated by Annii Swanwick. With Introductions 

and Notes. New edition. Crown 8vo. 2 vols. 12s, 

^ Folio Edition with Thirty-three Illus- 
trations from Flaxman*s designs. Price ;f 2 2s, 

ANTHOLOGIA GIL^CA. A Selection of Choice Greek 

Poetry, with Notes. By Rev. F. St John Thackeray, 
Assistant Master, Eton College. New edition, corrected, 
Fcap. 8vo. 7j. dd, 

ANTHOLOGIA LATINA. A Selection of Choice Latin 

Poetry, from Naevius to Boethius, with Notes. By Rev. F. St. 
John Thackeray, Assistant Master, Eton College. New 
edition, enlarged, Fcap. 8vo. dr. dd. 
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ARISTOPHANES, The Peace. The Greek text, and a 

metrical translation on opposite pages, with notes and intro- 
duction, &c. By Benj. Bickley Rogers, M.A., late fellow of 
Wadham. College, Oxford. Fcap. 4to. ^s, 6d, * 

The Wasps. Text and metrical translation, with 

notes and introduction. By Benj. B. Rogers, M. A. Fcap. 8vo. 
7 J. 6^- U^n the Press, 

CORPUS POETARUM LATINORUM. Edited by 

Walker, i thick voL 8vo. Cloth, i&f. 

Containing : — Catullus, Lucretius, Virgilius, Ti- 
BULLus, Propertius, Ovidius, Horatius, Phaedrus, 
LucANus, Persius, Juvenalis, Martialis, Sulpicia, 
Statius, Silius Italicus, Valerius Flaccus, Calpurnius 
SicuLUS, AusoNius and Claudianus. 

HORACE. The Odes and Carmen Saeculare. Trans- 
lated into English Verse by the late John Conington, M. A, 
Corpus Professor of Latin in the University of Oiuord. Fifth 
edition, Fcap. 8vo. 5^. dd, 

The Satires and Epistles. Translated in English 

Verse by John Conington, M. A Third edition, dr. td, 

Illustrated from Antique Gems by C. W. King, 

M. A, Fellow of Trinity College, Cambridge. The text 
revised with an Introduction by H. A J. Munro, M. A., 
Fellow of Trinity College, Cambridge, Emtor of Lucretius. 
Large 8vo. £\ is, 

MVSiE ETONENSES sive Carminvm Etonae Condi- 

torvm Delectvs. Series Nova, Tomos Dvos complectens. 
Edidit Ric^rdys Okes, S.T. P. CoU. RegaL apvd Cantabri- 
gienses Prfepositvs. 8vo. i$s. 

VoL II., to complete Sets, may be had separately, price 5^^. 

PROPERTIUS. Verse translations from Book V. with a 

revised Latin Text and brief English notes. By F. A Paley, 
M. A. Fcap. 8vo. y, 

PLATO. Gorgias, literally translated, with an Intro- 
ductory Essay containing a summary of the argument By the 
late E. M. Cope, M. A, Fellow of Trinity Colleger 8vo. yj. 

Philebus. Translated with short Explanatory Notes 

by F. A Paley, M. A. Small 8vo. 4s, 

' Theaetetus. Translated with an Introduction on 
the subject-matter, and short explanatory notes. By F. A. Paley, 
M.A. Small 8vo. 4s, 
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PLATO. An Analysis and Index of the Dialogues. With 
References to the Translation in Bohn's Classical Library. By 
Dr. Day. Post 8vo. 5^. 

REDDENDA REDDITAj or, Passages from English 

Poetry with a Latin Verse Translation. By F. E. Gretton, 
Head Master of Stamford Free Grammar School. Crown 8vo, 
dr. 

SABRING COROLLA in hortulis Regiae Scholae 

Salopiensis contexuerunt tres viri floribus l^endis. EdiH^ 
ttrtia, 8vo. 8j. 6^/. 

SERTUM CARTHUSIANUM Floribus trium Seculo- 

rum Contextum. Cura Gnlielmi Haig Brown, Scholae Carthu- 
sianae Archididascali. 8yo. I4r. 

THEOCRITUS. Translated into English Verse by*C. 
S. Calverley, M. A., late Fellow of Christ's College, Cambridge. 
Crown 8vo. 7^. (id, 

TRANSLATIONS into English and Latin. By C. S. 
Calverley, M. A., late Fellow of Christ's College, Cainbiidge. 
Post 8vo. *js, 6d, 

Into Greek and Latin Verse. By R. C. Jebb, 

Fellow of Trinity College and Public Orator in the University 
of Cambridge. 4to. doth gilt, los, 6d, 

VIRGIL in English Rhythm. With Illustrations from 
the British Poets, from Chaucer to Cowper. By the Rev. Robert 
Corbet Singleton, first Warden of S. Peter's College, Radley. 
A manual for master and scholar. Second edition, re-written 
and enlarged. Large crown 8vo. 'js. 6d. 

A HISTORY OF ROMAN LITERATURE. By W. S. 

TeufFel, Professor at the yniversity of Tiibingen. Translated, 
with the Author's sanction, by Wilhelm Wagner, Ph. D., of the 
Johanneum, Hamburg. Two vols. Demy 8vo. 2ij. 

"Professor TeufTel skilfully groups the various departments 
of Roman literature according to periods and according to sub- 
jects, and he well brings out t£e leading characteristics of each.*' 
— Saturday Review, 

THE THEATRE OF THE GREEKS. A Treatise 

on The History and Exhibition of the Greek Drama, with a 
Supplementary Treatise on the Languag^e, Metres, and Prosody 
ctf the Greek Dramatists, by John William Donaldson, D.D., 
formerly Fellow of Trinity College, Cambridge. With numerous 
Illustrations from the best ancient authorities. Eighth edition. 
Post 8vo. 5j. 
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MATHEMATICAL AND OTHER CLASS 

BOOKS. 

r 

Cambridge ®c{)ool anti College Cert 

150010. 

'''A Serttes of Elementary Treatises adapted for the use of students 
in the Universities, Schools, and candidates for the Public Examina- 
tions. Uniformly printed in Foolscap 8vo. 

ARITHMETIC. By Rev. C. Elsee, M. A., late Fellow 
of St John's Collie, Cambridge ; Assistant Master at 
Rugby. Intended for the use of Rugby SchooL Fcap. 
8vo.. I^ifth edition, 3^. 6d, 

ELEMENTS OF ALGEBRA. By the Rev. C. Elsee, 

M. A. Second edUiony enlarged, 4^. 

ARITHMETIC. For the Use of Colleges and Schools. 

By A. Wrigley, M. A. 3^. 6</. 
A Progressive Course of Examples. With Answers. 

By James Watson, M.A., Corpus Christi College, Cambridge, 
and formerly Senior Mathematical Master of the Ordnance 
School, Carshalton. Third edition. 2s. 6d, 

AN INTRODUCTION TO PLANE ASTRONOMY. 
For the Use of Colleges and Schools. By P. T. Main, M. A., 
Fellow^c^ St John's College. Second edition, 4r. 

ELEMENTARY CONIC SECTIONS treated Geome- 
trically. By W. H. Besant, M. A., Lecturer and late Fellow of 
St John's College. 4s, 6d, 

ELEMENTARY STATICS. By the Rev. Harvey Good- 

win, D. D., Bishop of Carlisle. New edition, revised, 3^. 

ELEMENTARY DYNAMICS. By the Rev. Harvey 
Gk)odwin, D. D., Bishop of Carlisle. Secona edition, 3^. 

ELEMENTARY HYDROSTATICS. By W.H. Besant, 

M. A, late Fellow of St John's CoU^e. Sixth edition, 4s, 

AN ELEMENTARY TREATISE ON MENSURA- 
TION. By B. T. Moore, M. A, Fellow of Pembroke Collie. 
With numerous Examples, ^s. 
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THE FIRST THREE SECTIONS OF NEWTON'S 

PRINCIPIA, with an Appendix ; and the Ninth and Eleventh 
Sections. By John H. Evans, M.A, The Fifth Edition, 
edited by P. T. Main, M. A. 4;. 

ELEMENTARY TRIGONOMETRY. With a Collec- 
tion of Examples. By T, P. Hudson, M. A., Fellow of Trinity 
College. 3^. 6d, 

GEOMETRICAL OPTICS. By W. S. Aldis, M. A., 

Trinity College. 35. 6d, 
ANALYTICAL GEOMETRY for Schools. By T. G. 

Vyvyan, Fellow of Gonville and Caius College, and Mathema- 
tical Master of Charterhouse. Third tdUion^ revised. With a 
chapter on Abri<^ged Notation. 

COMPANION TO THE GREEK TESTAMENT. 

Designed for the Use ot Theological Students and the Upper 
Forms in Schools. By A. C. Barrett, A. M., Caius College. 
Third edition, revised and enlarged,' Fcap. 8vo. 5^. 

AN HISTORICAL AND EXPLANATORY TREA- 
TISE ON THE BOOK OF COMMON PRAYER. By W. 
G. Humphry, B. D. Fifth edition revised, Fcap. 8vo. 4^. dd, 

MUSIC. By H. C. Banister, Professor of Harmony 
and Composition at the Royal Academy of Music. Third 
editioftf revised, ^s. 

Others in Preparation, 
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IND (J.) Principles and Practice of Arithmetic. 

Comprising the Nature and Use of Logarithms, with the 
Computations employed by Artificers, Gaugers, and Land 
Surveyors. Designed for the Use of Students, by J., Hind, M. A , 
formerly Fellow and Tutor of Sidney Sussex College. Ninth 
edition, with Questions. 4J. 6^. 

A Second Appendix of Miscellaneous Questions (many of 
which have been taken from the Examination Papers given in 
the University during the last few years) has been added to the 
present edition of this work, which the Author considers will 
conduce greatly to its practical utility, especially for those who 
are intended for mercantile pursuits. 

,*» Key, with Questions for Examination. Second edition, ^s, 

- Elements of Algebra. Designed for the Use of 

Students in Schools and in the Universities. By J. Hind, 
M.A. Sixth edition, revised, 540 pp. 8vo. loj. 6d, 
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ALDIS (T. S.> Text Book of Geometry. By T. S. 
Aldis, M. A., Trinity College, Cambridge.- Smill 8vo. 
4T. 6^. Parti.— Aneles—Parallels-r-Triangles^Equiva- 
lent Figures — Circles. 2s. Ed, Part IL Proportioa. Jusi pub- 
lishtd, 2s, Sold separately. 

The object of the work is to present the subject simply and 
concisely, leaving illustration and explanation to the teacher, 
whose freedom text-books too often hamper. Without a teacher, 
however, this work will possibly be found no harder to master 
than others. . . 

As far as practicable, efxercises, largely numerical, are given 
^ on the different Theorems, that the pupil may learn at once the 
value and use of what he studies. 

Hypothetical constructions are throughout employed. Im- 
portant Theorems are proved in more than one' way, lest the 
pupil rest in words rather than things. Probleins iure regarded 
' . chiefly as exercises on the theorems. 

Short Appendices are added on the Analysis of Reasoning 
and the Application of Arithmetic and Algebra to Geometry. 

EUCLID. The Elements of Euclid. A new Text 

based on that of Simson, with Exercises. Edited by H. J. 
Hose, formerly Mathematical Master of Westminster SchooL 
Fcap. 8vo. 4f. 6d. Exercises separately, i^. 

Contents :— Books I. — VI. ; XI. i — 21 ; XII. i, 2. 

The Elements of Euclid. The First Six Books, with 

a Commentary by Dr. Lardner. Tenth edition, 8vo. 6s, 

The First Two Books Explained to Beginners ; by 

C. P. Mason, B. A. Second edition, Fcap. 8vo. 2s, 6d, 

The Enunciations and Figures belonging to the 



Propositions in the First Six and part of the Eleventh Books of 
Euclid's Elements (usually read in the Universities), prepared 
for Students in Geometry. By the Rev. J. Brasse, D. D. JVew 
edition, Fcap. 8vo. is. On cards, in case, 5^. 6d, 
Without the Figjures, (id, 

McDowell (J.) Exercises on Euclid and in Modem 

Geometry, containing Applications of the Principles and Pro- 
cesses of Modern Pure Geometry. By J. McDowell, B.A., 
Pembroke College. Crown Svo. &*. 6d, 

BESANT (W.., It) Elemeptary Geometrical Conic 

Sections. By W. H. Besant, M. A. 41. 6<^ 

A3 
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TAYLOR (C.) The Geometry of Conies. Second edition 
revised and< etilaigetL By C. Taylor, M.A.y Fellow of St 
John's College, ovo. 4J. 6^/. 
Pages 80 to 112 to complete the First edi^m tnftf be had 
. ; separately, price ix. ' .*' 

GASKIN (T.) Solutions of the Geometrical Prot|lems, 

consisting diiefly of Examples, proposed at St. John*s Collie, 
from 1830 to 1846. With an Appendix on the General Equa- 
tion of the Second Degree. By T. Gaskin, M. A. 8va. 12s, 



Crigonomctrp* 

ALDOUS (J. C. P.) The Shrewsbury Trigonometry. 
A Steb to the Study of a more complete treatise. By 
J. C. r. Aldous, Jesus College, Cambridge, Senior Ma- 
thematical Master of Shrewsbuiy School 2s, 

HUDSON (T. P.) Elementary Trigonometry. With 
a Collection of Examples. By T. P. Hudson, M. A, Fellow 
and Assistant Tutor of Trinity College. 3^. 6d, 

HIND (J.) Elements of Plane and Spherical Trigo- 
nometry. With the Nature and Properties of Logarithms 
and Construction and Use of Mathematical Tables. Designed 
for the use of Students in the University. By J. Hind, M.A. 
. Fifth edition, i2mo. dr. 

MOORE (B. T.) An Elementary Trfeatise on Mensura- 
tion. By B. T. Moore, M. A., Fellow of Pembroke College. 
With numerous Examples. 5^. 



analytical (J5eometrp anu Differential 

Calculu0. 

TURNBULL (W. P.) An. Introduction to Analytical 
Plane Geometry. By W. P. Tumbull, M.A. Fellow of 
Trinity College. 8vo. I2j. 

O'BRIEN (M.) Treatise on Plane Co-ordinate Geome- 
try. Or the Application of the method of Co-ordinates to 
the solutions of problems in Plane Geometry. By M. O'Brien, 
M.A. 8vo. 9^. 



^ecf)aniciB! ann USatural Iptiilosopt)^/ 

EARNSHAW (S.) Treatise on Statics : Containing 
the Theory of the Equilibrium of Forces, and numerous 
Examples illustrative of the General Principles of the 
Science. By S. Earxxshaw, M. A. Fourth edition, 8vp. icxr. 6</. 

WHEWELL (Dr.) Mechanical Euclid. Containing the 

Elements of Mechanics and HydrostaticSi By the late W. 
Whewell, D. D. Fifth edUion, 5j. 

FEN WICK (S.) The Mechanics of Construction ; in- 
cluding the Theories of the Strength of Materials, Roofs, 
Arches, and Suspension Bridges. With numerous Examples. 
By Stephen Fenwick, F. R. A. S., of the Royal Military 
Academy, Woolwich. 8vo. I2x. 

GARNETT (W.) A Treatise on Elementary Dynamics 

for the use of Colleges and Schools. By William Garnett, B. A. 
(late Whit worth Scholar), Fellow of St. John's College, and 
Demonstrator of Physics in the University of Cambridge. 
Crown 870. . 6f. 

GOODWIN (Bp.) Elementary Statics. By H. Good- 
win,!^. D.,Bp. of Carlisle. Fcap. 8?o. New edition. 3J. doth. 
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WALTON (W.) Problems in illustration of the Principled 

of Plane Co-ordinate Geometry. ByW. Walt0Q,:M.A 8vo; its, 

WHITWORTH (W. A.) Trilinear Coordinates, and 

other methods of Modem Analytical Geometry of Two Di- »l 

mensions. An EUementary Treatise. B^.W. Allen Whit- 
worth, M. A.» Professor of Mathematics m Queen's College^ 
Liverpool, and late Scholar of St. John's CoU^e, Cambridge. 
8vo. i6j. 

ALDIS (W. S.) An Elementary Treatise on Solid 

Geometi^. Revised, By W. S. Aldis, M.A Second edition^ 
revised, ^vo. %5, 

PELL (M. B.) Geometrical Illustrations of the Diffe- 
rential Calculus. By M. B. Pell. 8vo. 2s:iid, 

O'BRIEN (M.) Elementary Treatise on the Diffe- 
rential Calculus, in which the method of Limifs is exclusively 
made use of. By M. O'Brien, M. A. 8vo. loy. dd, 

BESANT (W. H.) Notes on Roulettes and GUssettes. 

By W. H. Besant, M. A. 8vo. 35. 6^. 
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GOODWIN (Bp.) Elemcntaiy Dynamics. By H. Gck)&- 

wm,DD»y£^op of Carlisle. Fca:p^&Yo.ticondaditwm. 3j. doth. 

WALTON (W.) Elementary Problems m Statics ^A 

Dynamics. Designed for Candidates for Honours, first three 
days. By W. WaltcHi, M. A. Svo. lOr. 6e/. 

POTTER (R.) An Elementary Treatise on Mechanics. 

For the use of Junior University Students. By Richard 
Potter, A. M., F. C. P. S., late Fellow of Queeins' Collie, 
Cambridge. Professor of Natnml Philosophy and, Astrononty 
in University College, Ix>ndon. JF^rth> tdiihn^ revis^ &r. td, 

Elementary Hydrostatics Adapted for both Jmiior 

University readers and Stud^ts of Pnurtical E^gineerin^^ ^y 
R. Potter, M. A 7j. 6^. 

BESANT (W. H.) Elementary Hydrostatics. By W, 
H. Besant, M. Al, late Fellow of St. John's CoUegje. Fcapl 
%yQ. Sixth edition, 4x. 

A Treatise on Hydromechanics. By W. H. Besanl^ 

M. A. 8vo. New eaition in the press. 

GRIFFIN (W. N.) Solutions of Examples on the Dyna- 
mics of a Rigid Body. By W. N. Griffin, M. A. 8vo. 6s, td, 

LUNNQ.R.) Of Motion. An Elementary Treatise. By 
J. R.Lunn, M. A, late Fellow of St. John's, Camb. 8vo. ^s,6d, 

BESANT (W. H.) A Treatise on the J^rnamics of a 

Particle. Preparing. 
ALDIS (W. S.) Geometrical Optics. By W. S. Aldis, 

M. A., "trinity College, Cambridge. Fcap. Svo. 31. 6<£ 

— A Chapter on Fresnel's Theory of Double Re^ 

finaction. By W. S. Aldis, M.A. 8vo. 2x. 

POTTER (R.) An Elementary Treatise on Optics. 
Pavt L Containing all the requisite Propositions carried to 
first Approximations ; with the construction of optical instru- 
ments. For the use of Junior University Students. By 
Rii^haxd Potter, A. M., F.C. P. S., late Fellow of Queens' 
College, Cambridge. Third edition^ revised* 9^. 6^ 

An Elementary Treatise on Optics. Part: II* 

Containing the higher Propositions with their application to 
the more perfect forms of Instruments. By Richard I^otter, 
A M., F. C. P. S. I2f. 6d. 

Physical Optics ; or, the Nature and Propeities 

of Li^t A Descriptive and Experimental Treatise. By 
Richard Potter, A. M. ^ F. C .P. S. 6x. 6d; , 
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POTTER (R.) Physical Optics. Part IL TheCorptiB- 

cnfaur TheoryliOf Light discauaed Mathematically. By Richard 
Potter^ li. A. 1^iidi\ 

HOPKINS (W. B.) Hgures 'Iliiistrative' of Geoijietri- 
cal Optics. From Schelbach. By W. B.. Hopkins, B. D. 
Folia Flatea. tos\M. ' 

MAIN (p. to The First Three Sectiops of.Newton's 

Principia, with an Amif^uc > ai^cL th^ NinU;^ and Eleventh 
Sections^ By John it. Evans, M. A. The J^fiJk €4iHon^ 
editedbyP. T. MaijOt^.M. A^ 4f« 

An Introduction' to Plane Astronomy. For the 

use of Colleges and Schools. By P. T. Main, M. A., Fellaw 
of 3t. John's QQ\k%<^ Fcap. 3vo« doth, 4f. 

MAIN (R.) Practical and Spherical Astronomy. For 

the Use chiefly of Students in the Universities. By R. Main, 
M.A., F.R.S., Raddiffe Observer at Oxford* 8vo. I4r. 

Briinnow's Spherical Astronomy. Part I. Includ- 
ing the Chapters on I^arallax, Refraction, Aberration, Preces- 
ision, and Nutation. Translated by R. Main, M. A., F. R. S., 
Raddiffe Observer at Oxford. Svo. Sx. 6d. 

GOODWIN (Bp.) Elementary Chapters on Astro- 
nomy, from the "Astronomic Phpique" (^Biot By Harvey 
Goodwin, D. B., Bishop of Carlisle. Svo. y, 6d, 



Elementary Course of Mathematics. Designed 

principally for Students of the University of Cambridge. By 
Harvey Goodwin, D.D., Lord Bishop of Carlisle. Sixth 
idilion, revised and enlarged by P. T. Main, M.A., FeUow 
of St John's CoU^, Cajm>ridge. Svo. i6s. 

: Problems and Examples, adapted to the " Ele- 
mentary Course of Mathematics.'' By Harvey Goodwin, 
D.D. With an Appendix, containing the Questions proposed 
during the first three days of the Senate-House Examination, 
by T. G. Vyvyan, M. A. THrdecUHon, Sva 5j. 

Solutions of Goodwin's Collection of Problems 

and Examples. By W. W. Hutt, M. A., late Fellow of Gon- 
ville and Caius College. Third tditiou, ra/Ue4 and enlarged. 
By T. G. Vyvyan, M. A. Svo. 9f. 

SMALLEY (G. R.) A Compendium of Facts and For- 
mulae in Pip-e Mathematics and Natural Philosophy. By G. R. 
Smalley, F.R. A. S., of St. John's CoU., Cam. Ftap. Svo* 3j. dd. 
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TAYLOR (John). A Collection of Elementary 

Examples in Pure Miathematics, arranged in Examination 
Papers ; for the use of Students for llie MHxtary and Civil Service 
Examinations. Bv John Taylor, late Military Tutor^ Wool- 
wich Common, ovo. 7^. 6d, 

FILIPOWSKI (H. E.) A Table of Anti-Logarithms. 

Containing, to seven places of decimals, natural numbers 
answering to all I6|;ariuims from *ooooi to '99999, and an im- 
proved table of Gauss* Logarithms, by whidi may be found the 
LogBjrithm of the sum or difference of two Quantities. With Ap- 
pendix, containing a Talde of- Annuities tor 3 joint lives at 3 
percent. By H. £, FilipowskL TMrdedUion, 8vo. 15^. 

BYRNE (O.) A. system of Arithmetical and Mathe- 
matical Calculations, in whldh a new basis of notation is 
employed, and many processes, such as involution and evolu- 
tion, become much simplified; Invented by OliV^ Byrne. ' 

Dual Arithmetic ; or, the Calculus of Concrete Quan- 
tities, Known and Unknown, Exponential and Transcendental, 
including Angular Magnitudes. With Analysis. Fart I. 8vo. I4r. 

In it will be found a method of obtaining the logarithm of 
' any number in a few minutes by direct calculation ; a method 
of solving equations, which involve exponential, logarithmic 
and drcukr functions, &&. &c 

— Dual Arithmetic. Part II. The Descending Brstnch, 
completing the Science, and containing the Theory of the Appli- 
cation of both Branches. 8vo. lor. dd. 



Dual Tables (Ascending and Descending Branches). 

Comprising Dual Numbers, Dual Logarithms, and Common 
Numbers ; Tables of Trigonometrical Values, Angular Magni- 
tudes, and Functions, with ^eir Dual Logarithms. 4to. 2IJ. 

ELLIS (Leslie). The Mathematical and other 

Writings of Robert Leslie Ellis, M. A., late Fellow of 
Trinity College, Cambridge. Edited by William Walton, 
M. A., Trinity College, with. a Biographical Memoir by Har- 
vey Goodwin, D. D., Bishop of Carlisle. 8vo. idr. 

CHALLIS (Prof.) Notes on the Principles of Pure 

and Applied Calculation, and Applications to the Theories of 
PhysicalTorces. By Rev. J. Challis; M. A., F. R. S., &a , Plumian 
Professor of Astronomy, Cambridge." Demy 8vo. 15J. 

>The Mathematical Principle of Physics. An 

E$9ay. .By the Rev. James Challis, M.A., F.R.S. Demy 

8V0. '5f. • • •■ • : 
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MISCELLAJ^EOUS EDUCATIONAL WORKS. 

BURN (R.) Rome and the Campagna. An Historical 
and Topographical Description of the Site, Buildings, and 
Neighbourhood of Ancient Rome. By Robert Bum, 
M. A., late Fellow and Tutor of Trinity College, Cambridge. 
With Eiehty-five fine Engravines by Jewitt, and Twenty-nve 
Maps and Plans. Handsomely bound in doth. 4to. 3/. 31. 

DYER(T. H.) The History of the Kings of Rome. 

By T>T, T. H. Dyer, Author of the " History of the City of 
Rome;" "Pompeii: its History, Antiquities," &c, with a 
Prefatory Dissertation on the Sources and Evidence of Early 
Roman History. Svo. i6j. 

'' It will mark, or help to mark, an era in the history of the 
subject to which it is devoted. It is one of the most decided as 
well as one of the ablest results of the reaction which is now in 
progress against the, influence of Niebuhr." — Pall Mali Gazette, 

A Plea for Livy, throwing a new light on some 

passages of the first Book, and rectifying the German doctrine 
of the imperative mood. 8vo. \s. 

Roma Regalis, or the Newest Phase of an Old 

Story. Syo. 2j. 6^. 

An examination of the views and arguments respecting Regal 
Rome, put forth by Professor Seeley in a recent edition of 
"Livy,'*BookI. 

The History of Pompeii; its Buildings and An- 
tiquities. An account of the city, with a full description of the 
remains and the recent excavations, and also an Itinerary for 
visitors. Edited by T. H. Dyer, LL. D. Illustrated with 
nearly Three Hundred Wood Engravings, a large Map, and a 
Plan of the Forum. Third edition, brought down to 1874. 
post Svo. 7^. 6^. 

Ancient Athens : Its History, Topography, and 

Remains. By Thomas Henry Dyer, LL. D. , Author oi ** The 
History of the Kings of Rome." Super-royal Svo. cloth, 1/. 55. 

This work gives the result of the excavations to the present 
time, and of a recent careful examination of the localities by the 
Author. It is illustratjed wit}i plaas> and wood engravings taken 
from photographs. 



LONG(G.) The Decline of the Roman Republic. 8vo. 

Vol. i', Froia ' tlie Destmctiim of Csftki^ to the ^nd of' ^e 
Jngurthine War. 14;. 

VoL IL To tkeDeiith aCBeiftDdkts., I4i« 

VoL IIL Indudii^ th^ third. Mithridatic War, the CatUine 
Colispiracy, and the Oonsm^p of C. JtiHus Csesar. 141. 

VoL IV. Histpiy ot C^st$»j^s Gallic Campaigns and of tlM 
- contemporaneous events in' itbme* 14^. ' • 

V0I.V. Conchiding the work. 14;. 

^If any one can guide us through the almost inextricable 
mazes of this labyiinUi, it is he. As a chronicler, he possesses 
all the requisite knowledge, and what is nearly, if not quite as 
important) the necessaiy caution. He ^ever attempts to eijiplain 
that which is, hopelessly corrupt or ohscure : 1^ dpte not con- 
- found twilight with daylight ; he warns the rea^er^^peatedly 
that he is standing on snaking ground! ; he has no. framework of 
theory into which he presses his facts." — Sahtr(iay JR^zniitp, 

PEARSON (C. H.) A History of England Amitig the 

Early and Middle Ages. By C. H. Pearson, M. A., Fellow 
of Oiiel College, O^aord^ and JLecturer in Histoiy at Tcinity 
CoUqge, Cambridge. . Second edition^ reidsed and tnUirged. 
Svo. Vol. I. to the Death of Coeur de JLion. i6f. VoL IL 
to the Death of Edward I. I4r. 

Historical Maps of England. By C. H. Pearson. 



FoUo. Sictmd edition^ revised, 3iJ.'6i£ 

An Atlas containing Five Maps of England, at different 
periods during the Early and Middle Ages. 

BOWfiS (A.) A Practical Synopsis of English History ; 

or, A General Summary of Dates and Events for the use of 
Schools, Families^ and Candidates for Public Examinations. 
By Arthur Bowes. Fmrih ediHom 8vo. 2s, ' 

BE ALE (D.) Student's Text-Book, of "English and 

General History, from B. c. .100 to. the Present Time, with 
Genealogical and Literary Tables, and Sketch of the Bz^gUsh 
Constitution. By D. Beale. Crown '8vo,. as/td, ' 

STRICKLAND <AGNES), The Lives of the Queens of 

£i^:land ; from the Norman Oonqiiest'to the Rei^ of -(jueen 
Anne. By Agnes Seridckmd. Abridged t^ the ■ Audior for 
the use of Schools and Families. Post Ivt^. Qo^ 6j. 6d 
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HUGHES (A. W.) Outlines of Indian History: com- 
prising the Hindu, MahOmedan, and Christian Periods (down to 
the Resignation df Sir J. Lawrence). With Maps, Statistical 
Appendices, and numerous Examination Questions. Adapted 
specially for Schools and Students. By A. W. Hughes, Bom. 
Uncov. Civil Service, and Gray's Inn. Small post 8vo. 3J. 6d, 

HELPS (SIR A.) The Life of Hernando Cortez, and 

the Conquest of Mexico. Dedicated to Thomas Carlyle. 2 
vols, crown 8vo. 15^. 

The Life of Christopher Columbus, the Discoverer 

of America. Fourth ediHon, Crown 8vo. 6s. 

The Life of Pizarro. With Some Account of his 

Associates in the Conquest of Peru. Second edition. Cr. 8vo. dr. 

The Life of Las Casas, the Apostle of the Indies. 



TTtird edition. Crown 8vo. 6r. 

TYTLER (PROF.) The Elements of General History. 
New edition. Revised and brought down to the present time. 
Small post 8vo. 3^. 6d.^ 

ATLASES. An Atlas of Classical. Geography ; Twenty- 
four Maps by W. Hughes and George Long, M.A. New 
edition^ with coloured outlines. Imperial ^vo. 12s. 6d. 

This Atlas has been constructed from the best authorities by 
Mr. W. Hughes, under the careful supervision of Mr. Long. 
The publishers believe that by this combination they have 
secured the most correct Atlas of Ancient Geography that has 
yet been produced. 

A Grammar School Atlas of Classical Geography. 

Containing Ten Maps selected from the above. Imperial 
8vo. New edition, $s. 

Contents :— The Provinces of the Roman Empire. Gallia. 
Italia. Graecia (including Epirus and Thessalia, with part of 
Macedonia). The Coasts and Islands of the Aegaean Sea. 
Asia Minor, and the Northern part of Syria. Palaestina, with 
part of Syria, Ass3rria, and the Adjacent Countries. Sidlia ; 
and a Plan of Rome. 

First Classical Maps. By the Rev. J. Tate, M.A. 

Third edition. Imperial 8vo. p, 6d, 

Standard Library Atlas of Classical Geography. 

THventy-two large Coloured Maps according to the latest authori- 
ties. With a complete Index (accentuated), giving the latitude 
and longitude of every place named in the Maps. Imperial 8vo. 
7j. dd. 



go George Bell and Soni 

RICHARDSON (Dr.) New Dictionary of the Eng- 
lish Language. CombiniDg Explanation with Etymo- 
logy, and copiously illustrate by Quotations from the best 
Authorities. New edition^ with a Supplement containing addi- 
tional words and further Illustrations. The Words, with 
those of the same family, are traced to their origin. The Ex- 
planations are deduced from the primitive meaning through 
the various usages. The Quotations are arranged chrono- 
logically, from 3ie earliest period to the present time. In 
2 vols. 4to. £^ 14J. (id, ; half-bound in russia, jf 5 15J. 6</. ; 
in russia, ^6 I2J. The Supplement separately, 4to. I2J. 

An 8vo. Edition, without the Quotations, 15J. ; half-russia, 
2.0s. ; russia, 24J. 

ADAMS (Dr.) The Elements of the English Language. 

By Ernest Adams, Ph. D. Thirteenth edition. Post 8vo. 4; . (yd, 

KEY (Prof.) Philological Essays. By T. Hewitt 
Key, Professor of Comparative Grammar in University College, 
London. 8vo. lOr. €d, 

— Language, its Origin and Development. By T. 
Hewitt Key, Professor of Comparative Grammar in University 
College. 8vo. 14^. 

This work is founded on the Course of Lectures on Compa- 
rative Grammar delivered during the last twenty years in Uni- 
versity CoUege. The evidence being drawn chiefly from two of 
the most familiar members of the Indo-European family, 
Latin and Greek, especially the former, as that to which the 
writer's hours of study, for half a century, have been almost 
wholly devoted. 

DONALDSON (J. W.) Varronianus. A Critical and 
Historical Introduction to the Ethnography of Ancient Italy and 
to the Philological Study of the Latin Language. Third edition^ 
revised and considerably enlarged. By J. W. Donaldson, D. D. 
8vo. idy. 

SMITH (Archdn.) Synonyms and Antonyms of the 

English Language. Collected and Contrasted by the Ven. 

C. J. Smith, M. A. Second edition. Post 8vo. 5 j. 

Synonyms Discriminated. Showing the accurate 

signification of words of similar meaning. By the Ven. C. J. 
Smith. Demy 8vo. idf. 

PHILLIPS (Dr.) A Syriac Grammar. By G. Phillips, 

D. D., President of Queen's College. Third edition^ revised 
and enlarged, 8vo. 7^. 6d, 
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BEAMONT (W. J.) A Concise Grammar of the Arabic 

Language. By the Rev. W. J. Beamont, M. A. Revised by 
Sheikh Ali Nady el Barrany, one of the Sheikhs of the £1 
Azhar Mosque in Cairo. i2mo. 7^. 

WEBSTER. A Dictionary of the English Language. 

By Dr. Webster. Re-edited by N. Porter and C. A. Goodrich. 
The Etymological portion being by Dr. C F. Mahn, of Berlin. 
With Appendix and Illustrations complete in one volume. 
£1 I IS. 6a. 

Besides the meaning and derivation of all words in ordinary 
use, this volume will be found to contain in greater fulness than 
any other Dictionary of the English Language hitherto published, 
scientific and technical terms, accompanied in many instances by 
explanatory woodcuts and an appendix giving supplementary 
lists, explanations, and 70 pages of elaborate diagrams and illus- 
trations. In its unabridged form as above, it supplies at a 
moderate price as complete a literary and scientific reference 
book as could be obtained in the compass of a single volume. 

" For the student of English etymologically Wedgwood, Ed. 
Muller, and Mahn*s Webster are the best dictionaries. While 
to the general student Mahn's Webster and Craig's * Universal 
Dictionary * are most usefiil." — Athenaum. 

"The best practical English Dictionary extant." 
— Quarterly Review. 

SCRIVENER (Dr.) Novum Testamentum Graecum, 
Textus Stephanici, 1550. Accedunt variae lectiones edi- 
tionum Bezae, Elzeviri, Lachmanni, Tischendorfii, et Tre- 
gellesii. Curante F. H. Scrivener, A. M., LL. D. i6mo. 

An Edition withwide Margin far Notes. *js, 6d. 

This Edition embodies all the readings of Tr^elles and of 
TischendorTs Eighth or Latest Edition. 

Codex Bezae Cantabrigiensis. Edited, with Pro- 
legomena, Notes, and Facsimiles, by F. H. Scrivener, M. A. 
4to. 2dr. 

A Full Collation of the Codex Sinaiticus, with 

the Received Text of the New Testament ; to which is prefixed 
a Critical Introduction. By F, H. Scrivener, M. A. Second 
edition, revised. Fcap. 8vo. 5^. 

" Mr. Scrivener has now placed the results of Tischendorf*s 
discovery within reach of all in a charming little volume. 
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SCRIVEN'ER (Dr.) An Eitact Transcript of the 

Codex Auf^ensis, Gneco-Lahna Maniucnpt in Undal Letters 
of SL PauFs Epistles, prewrvrd in ihc Libiaiy of Trioi^ Col- 
1^, Cambridge. To vhich is added a Full CoUatJon of Fif^ 
Maniuciipts containii^ various ponions of the Greek New Tes- 
tamenl deposited in English Libiaius : with a liiU Critical Is- 
troductioD. By F. H. Scri»ener, fcL A. Royal Svo. 36fc 
The CUTICAL INTKODUCTIOK it Uiued tifaraldy.p-Ue^ 

— — A Plain Introduction to the Criticism of the New 
Testament. With Forty Facsimiles from Ancient Mana- 
tciipts. Containing also an account of the Egyptian versions, 
conlributed by Canon Lightfoot, D. D. Fof the use of Biblical 
Students. By F, H. Scrivener, M.A, LI. D. Prebendary of 
Exeter. 8vo. Neat tdttion. xfa. 

— — Six Lectures on the Text of the New Testament, 
and the MSS. which contain it, chiefly addressed to those who 
do not read Greek. By Rev. F. H. Scrivener. With fac- 
similes from MSS. Crown 8vo. 61. 

ALFORD (Deah). Greek Testament. Set p. 9. 

BARRETT (A. C.) Companion to the Greek Testament. 

For th» use of Theoli^cal Students and the Upper Forms in 
Schools. By A. C. Barrett, M. A. , Caius College ; Author 
of "A Treatise OQ Mechanics and Hydrostatics." TAtrJ aiitam, 
enlarged and improved. Fcap. 8vo. 51. 

This volume will be found useful for all classes of Students 
who require a clear epitome of Biblical knowledge. It gives in 
a condensed form a large amount of information on the Teit, 
Language, Geography, and Arciiaeology ; it discusses the alleged 
contradictions of the New Testament and the disputed quotations 
from the Old, and contains introductions lo the separate boohs. 
It may be used by all intelligent students of the sacred volume ; 
and has been found of great value to the students of Training 
Colleges in preparing for their eiaminations. 

SCHOLEFIELD (J.) Hints for Improvement in the 
Authortied Version of the New Testament By the late J. 
Scholcfield, M. A. FsurlA edilwn. Fcap. Svo. 4/. 
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TERTULLIAN. Liber Apologeticus. The Apology of 

Tertullian. With English Notes and a Preface, intended as an 
introduction to the Study of Patristical and Ecclesiastical 
Latini^^. By H. A. Woodham, LL. D. Second edition, 
Svo. is, 6d, 

PEROWNE (Canon). The Book of Psalms ; a New 

Translation, with Introductions and Notes, Critical and Expla- 
natory. By the Rev. J. J. Stewart Perowne, B. D., Fellow 
of Trinity College, Cambridge; Canon Residentiary of LlandafT. 
8vo. Vol. I. Third edition. i8x. Vol II. THrd edition, 
i6r. 

The Book of Psahns. Abridged Edition for Schools. 



Crown 8vo. lor. (>d, 

WELCHMAN (Archdn.) IThe Thirty-Nine Articles 

of the Church of England. Illustrated with Notes, and con- 
firmed b^ Texts of the Holy Scripture, and Testimonies of 
the Primitive Fathers, together with References to the Passages 
in several Authors, which more largely explain the Doctrme 
contained in the said Articles. Bv the Yen. Archdeacon 
Welchman. New edition. Fcap. ovo. 2s. Interleaved for 
Students. 31. 

PEARSON (Bishop). On the Creed. Carefully printed 

from an Early Edition. With Analysis and Index. Edited by 
E. Walford, M. A. Post 8vo. ^s, 

HUMPHRY (W. G.) An Historical and Explanatory 

Treatise on the Book of Common Prayer. By W. G. 
Humphry, B. D., late Fellow of Trinity College, Cambridge, 
Prebendary of St Paul*s, and Vicar of St Martin*s-in-the- 
Fields, Westminster. Fifth edition, revised and enlarged, Smsdl 
post 8vo. 4r. 6^. 

The New Table of Lessons Explained, with the 

Table of Lessons and a Tabular Comparison of the Old and 
New Proper Lessons for Sundajrs and Holy-days. By W. G 
Humphry, B.D., Fcap. \s, 6d, 

DENTON (W.) A Commentary on the Gospels for the 

Sundays and other Holy Days of the Christian Year. By the 
Rev. W. Denton, A. M., Worcester College, Oxford, and 
Incumbent of St. Bartholomew's, Cripplegate. New edition, 
3 vols. 8vo. 54J. 

VoL I. — Advent to Easter. i%s. 

VoL II.— Easter to the Sbcteenth Sundajr after Trinity*. i8x. 
VoL IIL — Seventeenth Sunday after Trmity to Advent; and 
Holy Days.' i&r. 
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DENTON (W.) Commentary on the Epistles for the 

Sundays and other Holy Days of the Christian Year. By the Rev. 
W. Denton, Author of "A Commentary on the Gospels/' &c. 

Vol. I.— Advent to Trinity. 8vo. i8x. 
VoL II. —Trinity and Holy Days. i8j. 

« 

Commentary on the Acts. By the Rev. W. Denton. 

VoL I. 8vo. I&r. Vol. II. in preparation. 

JEWEL (Bp.) Apology for the Church of England, 
with his famous Epistle on the Council of Trent, and a Memoir. 
32mo. 2J. 

BARRY (Dr.) Notes on the Catechism. For the use 

of Schools. By the Rev. A. Barry, D. D., Principal of King's 
College, London. Second edition^ revised, Fcap. 25, 

BOYCE (E. J.) Catechetical Hints and Helps. A 

Manual for Parents and Teachers on giving instruction to Young 
Children in the Catechism of the Church of England. By Rev. 
E. J. Boyce, M. A. Second edition, Fcap. 2s, 

Examination Papers on Religious Instruction. 



Sewed, is, 6d. 
MONSELL (Dr.) The Winton Church Catechist. 

Questions and Answers on the Teaching of the Church 'Cate- 
chism. By Rev. J. S. B. Monsell, LL.D., Author of " Our 
New Vicar." TAird Edition, Cloth, 3^.; or in Four Parts, 
sewed, price gd. each. 

SADLER (M. F.) The Church Teacher's Manual of 

Christian Instruction. Being the Church Catechism Expanded 
and Explained in Question and Answer, for the use of the 
Clergyman, Parent, and Teacher. By the Rev. M. F. Sadler, 
Rector of Honiton. Tliird edition, 2s, 6d. 

KEMPTHORNE Q.) Brief Words on School Life. 

A Selection from short addresses based on a course of Scripture 
reading in school. By the Rev. J. Kempthome, late Fellow 
of Trinity College, Cambridge, and Head Master of Blackheath 
Proprietary School. Fcap. 3J. 6d. 

SHORT EXPLANATION of the Epistles and Gospels 

of the Christian Year, with Questions for Schools. Royal 32mo. 
2s. 6d. ; calf, 4J. 6d, 

BUTLER (Bp.) Analogy of Religion; with Analy- 
ttcal Introduction and copious Index, by the Rev. Dr. Steere, 
Bishop in Central Africa. Fcap. New edition, y, 6d, 
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BUTLER (Bp.) Three Sermons on Human Nature, and 

Dissertation on Virtue. Edited by W. Whewell, D. D. With 
a Preface and a Syllabus o£ the Work. Fourth and cheaper 
edition, Fcap. 8vo. 2j. (xt, 

WHEWELL (Dr.) Lectures on the History of Moral 

Philosophy in England. By W. Whewell, D.D. New and 
improved edition^ with Additional Lectures. Crown 8vo. &r. 

•»• The Additional Lectures sold sq>arately. Crown 8vo. 
Price 3J. dd, 

Elements of Morality, including Polity. By W. 

Whewell, D. D. New edition^ in 8vo. 1$^. 

Astronomy and General Physics considered with 

reference to Natural Theology (Bridgewater Treatise). Nrat 
edition^ with new preface^ uniform with the Aldine Editions. 5^. 

DONALDSON (Dr.) Classical Scholarship and Clas- 
sical Learning considered with especial reference to Com- 
petitive Tests and University Teaching. A Practical Essay 
on Liberal Education. By J. W. Donaldson, D. D. Crown 
8vo.' 5j. 

The Theatre of the Greeks. New and cheaper 

edition. Post 8vo. 5x. 

STUDENT'S GUIDE TO THE UNIVERSITY OF 

CAMBRIDGE. Revised and corrected in accordance vnth the 
latest regulations. Third edition, Fcap. 8vo. dr. 6d, 

This volume is intended to give useful information to parents 
desirous of sending their sons to the University, and to indicate 
the points on which to seek further information from the tutor. 

Suggestions are also given to the younger members of the 
University on expenses and course of reading. 

" Partly with the view of assisting parents, guardians, school- 
masters, and students intending to enter their names at the 
University — ^partly also for the benefit of undergraduates them- 
selves — a very complete, though concise, volume has just been 
issued, which leaves little or nothing to be desired. For lucid 
arrangement, aiid a rigid adherence to what is positively useful, 
we know of few manuals that could compete with this Student's 
Guide. It reflects no little credit on the University to whichi 
supplies an unpretending, but complete, introduction." — Satur- 
day Review, 

KENT'S Commentary on International Law, revised 

with Notes and Cases brought down to the present time. 
Edited by J. T. Abdy, LL. D., Barrister-at-Law, Regius Pro- 
fessor of Laws in the University of Cambridge. 8vo. i6r. 
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LEAPINGWELL (G.) A Manual of the Roman Civil 

Law, arranged accordii^ to the Syllahus of Dr. Hallifax, 
Designed for the use of Students in the Universities and Inns o 
Court. By G. Leapingwell, LL.D. 8vo. I2s. 

MAYOR (Rev. J. B.) A Guide to the Choice of Clas- 
sical Books. By J. B. Mayor, M. A., Professor of Classical 
Literature at King's College, late Fellow and Tutor of St 
John's College, Cambridge. Crown 8vo. 2J. 



FRENCH, GERMAN, AND ENGLISH CLASS 

BOOKS. 

iForeign Cla0j^ic0. 

A carefully edited series for use in schools, with English notes, 
grammatical and explanatory, and renderings of difficult idiomatic 
expressions. Fcap. 8yo. 

CHARLES XII. par Voltafre. Edited by L. Direy. 
Third edition^ reidsed, 31. 6d, 

GERMAN BALLADS from Uhland, Goethe, and 

Schiller ; with Introductions, copious and biographical notices. 
Edited by C. L. Bielefeld. 3J. 6d, 

AVENTURES DE TELEMAQUE, par Fenelon. Edited 

by C. J. Delille. Second edition, reidsed, 4s. 6d. 

SELECT FABLES of La Fontaine. Edited by F. Gasc, 

j^ew edition, revised, 3J. 

PICCIOLA, by X. B. Saintine. Edited by Dr. Dubuc. 

Fourth edition^ revised, 3J. dd, 

SCHILLER'S Wallenstein. Complete Text, comprising 

the Weimar Prologue, Lager, Piccolomini, and Wallenstein's 
Tod. Edited by Dr. A. Buchheim, Professor of German 
in King's College, London. Revised edition, 6j. (>d. Or the 
Lager and Piccolomini, y, td, Wallenstein's Tod, y, 6d, 

Maid of Orleans; with English Notes by Dr. 

Wilhelm Wagner, Editor pf Plato, Plautus, &c. , and Translator 
of Teuffel's " History of Roman Literature.** 3^. 6d, 

GOETHE'S HERMANN AND DOR^OTHEA. With 

Introduction, Notes, and Arguments. By E. Bell, B.A., 
Trinity College, Cambndge, and E, Wolfel. 2s, 6d, 
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jFrencl) Class iBoofes* 

BREBNER (W.) Twenty Lessons in French. With 
double vocabulary giving the pronunciation of French words, 
notes, and appendices. By W. Brebner. Post 8vo. 4J. 

CLAPIN (A. C.) French Grammar for Public Schools. 

By the Rev. A. C. Clapin, M. A., St. John's College, 
Cambridge, and Bachelier-^s-lettres of the University of 
France. Fcap. 8vo. Second edition greatly enlarged. 2s. 6d, 
Or in two parts separately. Part I. Accidence, 2s. Part II. 
Syntax, is. 6d, 

GASC (F. E. A.) First French Book; being a New, 

Practical, and Easy Method of Learning the Elements of the 
French Language. Fcap. 8vo. New edition, is. 6d. 

Second French Book ; being a Grammar and 

Exercise Book, on a new and practical plan, and intended as a 
sequel to the "First French Book." Ntw edition. Fcap. 8yo. 
2J'. 6^. 

Key to First and Second French Books. Fcap. 

8vo. 3J. (id. 

French Fables, for Beginners, in Prose, with an 

Index of all the Words at the end of the work. New edition, 
i2mo. 2s. 

Select Fables gf La Fontaine. New edition, revised. 

Fcap. 8vo. • 3J. 

Histoires Amusantes et Instructives ; or, Selec- 
tions of Complete Stories from the best French modem 
authors, who have written for the young. "With English 
notes. New edition. Fcap. 8vo. 2s. 6d. 

Practical Guide to Modem French Conversa- 
tion : containing : — I. The most current and, useful Phrases in 
Every -day Talk; II. Everybody's Necessary Questions and 
Answers in Travel-Talk. Fcap. 8vo. 2s, 6d. 

French Poetry for the Young. With English 

Notes, and preceded by a few plain Rules of French Prosody. 
Fcap. 8vo. 2s. 

Materials for French Prose Composition ; or, 

Selections from the best English Prose "Writers. "With copious 
foot notes, and hints for idiomatic renderings. New edition, 
Fcap. 8vo. 4s. 6d. Key, 6s. 

- Prosateurs Contemporains ; or. Selections in 
Prose chiefly from contemporary French literature. "With 
English notes. i2mo. 5^. 
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GASC (F. E. A.) Le Petit Comp^on ; a French Talk- 
Book for Little Children. i6mo. 2s, 6d, 

An Improved Modem Pocket Dictionary of tha 

French and English Languages; for the every-'day purposes 
of Travellers and Students. Containing more than Five Thou- 
sand modem and current words, senses, and idiomatic phrases 
and renderings, not found in any other dictionary of uie two 
languages. A new edUion with additions and corrections, 
l6mo. Cloth, 4J. 

Modem French and English Dictionary, with 



upwards of Fifteen Thousand new words, senses, &c., hitherto 

unpublished. Demy 8vo. In two volumes. Vol. I. (French- 
English), 1 5 J. ; VoL II. (English-French), los. 

GOMBERT (A.) The French Drama ; being a Selection 
of the best Tragedies and Comedies of Moli^re, Racine, P. 
Comeille, T. Comeille, and Voltaire. With Arguments in 
English at the head of each scene, and notes, critical and 
Explanatory, by A. Gombert. 

Contents. 

MOLIERE : 



♦Le Misanthrope. 

•L*Avare. 

•Le Bourgeois Gentilhomme. 

•Le Tartuffe. 
Le Malade Imaginaire. press,) 
Les Femmes Savantes. {In the 
Les Fourberies de Scapin. 



Les Pr^cieuses Ridicules. 
L'Ecole des Femmes. 
L'Ecole des Maris. 
*Le M^ecin malgr^ Lui. 
M. de Pourceaugnac. 
Amphitryoa 



Racine : 



La Th^baide, ou les Fr^res 

Ennemis. 
Alexandre le Grand. 
Andromaque. 
Les Plaideurs. 
Britannicus. 
Berenice. 

P. CORNEILLE: 



Bajazet. 
Mithridate. 
Iphigenie. 
Phedre. 
Esther. 
•Athalie. 



Le Cid. Horace. 



Brutus. 
Alzire. 



•Zaire. 
Orestes. 



Le Fanatisme. 



Cinna. | Polyeucte. Pomp^e. 

T. CORNEILLE : 

Ariane. 

Voltaire : 

Merope. 

La Mort de Cesar. 

Semiramis. 



* New Editions of those marked with an asterisk hare lately been issued, 
carefully revised by F. £. A. Gasc. Fcap. 8vo. Neatly bound ia doth. if. 
each. Sewed, 6d. Others will follow. 
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LE NOUVEAU TRESOR : or, French Students Com- 
panion ; designed to facilitate the Translation of English into 
French at Sight. By M. E. S. Sixtienth edition, Fcap. 8vo. 
3^. dd. 

Contents : — Grammatical Introduction, icx) Lessons, Voca- 
bulary. Conversational Sentences, Alphabetical Arrangement 
of the Verbs. General Table of Reference. 

^^^also ** Foreign Classics," p. 96. 
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BUCHHEIM (Dr. A.) Materials for German Prose 
Composition ; consisting of Selections from Modem 
English writers, with grammatical notes, idiomatic ren- 
derings of difficult passages, and a general introduction. By 
Dr. Buchheim, Professor of German Language and Literature 
in King's College, and Examiner in German to the London 
University. Third edition^ revised, Fcap. 4f. dd. 

In this edition the notes in Part I. have been entirely revised 
and increased in accordance with the suggestions of experienced 
teachers. 

CLAPIN (A. C.) A German Grammar foi Public 

Schools. By the Rev. A. C. Clapin, Compiler of a French 
Grammar for Public Schools, assisted by F. HoU-Miiller, Assis- 
tant Master at the Bruton Grammar School. Fcap. 2j. 6^. 

KOTZEBUE. Der Gefangene (the Prisoner). Edited, 

with English Notes Explanatory and Grammatical, by Dr. W. 
Stromberg. The first of a selection of German Pla3rs, suitable 
for reading or acting. \s, 

See2Xs,Q "Foreign Classics," p. 96. 
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ADAMS (Dr. E.) The Elements of the English 
Language. By Ernest Adams, Ph. D. Thirteenth edition. 
Post 8vo. 4J. 6d, 

The Rudiments of English Grammar and Anal)rsis. 

By Ernest Adams, Ph. D. New edition, Fcap. 8vo. 2s, 

MASON (C. p.) First Notions of Grammar for Young 
Learners. By C. P. Mason, B. A., Fellow of University 
College, London. Fcap. 8vo. Cloth, &/. 

-^— First Steps in English Grammar, for Junior Classes. 

Demy i8mo. New edition, is. 

Outlines of English Grammar for the use of Junior 

Qasses. Cloth, is. 6d, 

EngHsh Grammar : including the Principles of Gram- 
matical Analysis. Twentieth edition. Post 8vo. 3^. 6d. 

The section on Composition and Derivation is re-written in 
this edition, with the introduction of much new matter and 
various important improvements. 

The Analysis of Sentences applied to Latin. Post 

8vo. 2s. 6d. 

Analytical Latin Exercises : Accidence and Simple 

Sentences, Composition and Derivation of Words, and Com- 
pound Sentences. Post 8vo. 31. 6d. 

The First Two Books of Euclid explained to Begin- 
ners. Second edition. Fcap 8vo. 2s. 6d. 

Edited for Middle-Class Examinations. 

With notes on the Analysis and Parsing, and explanatory 

remarks. 

Milton's Paradise Lost, Book I. With a Life of 

Milton. Third edition. Post 8vo. 2s. 

Milton's Paradise Lost Book II. With a Life of 

the Poet. Second edition. Post 8vo. 2s. 

Milton's Paradise Lost Book III. With a Life 

of Milton. Post 8vo. 2J. 



Goldsmith's Deserted Village. With a Short Life 



of the Poet. Post 8vo. is. 6d. 
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MASON (C. P.) Cowper's Task. Book II. With an 

Outline of the Poet's Life. Post 8vo. 2s, 



Thomson's " Spring." With a short Life. Post 8vo. 



2S, 

- Thomson's "Winter." With short Life. Post 8vo. 2S. 



MENET (J.) Practical Hints on Teaching. Containing 

Advice as to Organization, Discipline, Instruction, and Prac- 
tical Management. By the Rev. John Menet, M. A. Perpetual 
Curate of Hockerill, and late Chaplain of the Hockerill Train- 
ing Institution. Fourth edition. Containing in addition Plans 
of Schools which have been thoroughly tested, and are now being 
adopted in various localities. Crown 8vo. Cloth, 2s, 6d, ; 
paper cover, 2s. 

TEST LESSONS IN DICTATION, for the First 

Class of Elementary Schools., This work consists of a series 
of extracts, carefully selected with reference to the wants of the 
more advanced pupils ; they have been used successfully in 
many Elementary Schools. The book is supplementary to the 
exercises given in the "Practical Hints on Teaching." Paper 
cover, IS, 6d, 

SKEAT (W. W.) Questions for Examinations in English 

Literature ; with a Preface containing brief hints on the 
study of English. Arranged by the Rev. W. W. Skeat, late 
Fellow of Christ's College. 2s. 6d, 

This volume will be found useful in preparing for the various 
public examinations, in the universities, or for government 
appointments. 

DELAMOTTE (P. H.) Drawing Copies. By P. H. 

Delamotte, Professor of Drawing in King's College and School, 
London. Containing 48 outline and 48 shaded plates. Oblong 
8vo. 12s. ; sold also in parts at is, each. 

This volume contains forty-eight outline and forty-eight 
shaded plates of architecture, trees, figures, fragments, land- 
scapes, boats, and sea-pieces. Drawn on stone by Professor 
Delamotte. 

POETRY for the School Room. New edition. Fcap. 

8vo. 15, 6d, 

GATTY (MRS.) Select Parables from Nature, for Use 
in Schools. By Mrs. Alfred Gatty. Fcap. 8vo. Cloth, is. 
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SCHOOL RECORD for Young Ladies' Schools; a 

useful form of Register of Studies and Conduct. 6d. 

GEOGRAPHICAL TEXT-BOOK; a Practical Geo- 

graphy, calculated to facilitate the study of that useful science, by 

a constant reference to the Blank Maps, By M. £ ... S 

l2mo. 2s. 

II. The Blank Maps done up separately. 4to. 2J'. 
coloured. 

JOHNS (C. A.) A First Book of Geography. By the 

Rev. C. A. Johns, B.A., F.L.S., Author of ''Botanical Ram- 
bles,'* "Flowers of the Field," &c Illustrated. l2mo. 2s, 6d. 

LOUDON (Mrs.) Illustrated Natural History. JVew 

edition. Revised by W. S. Dallas, F. L. S. With nearly 5cx) 
Engravings, ^s, 

Handbook of Botany. Newly Edited and greatly 

enlarged by David Wooster. Fcap. 2s, dd, 

HAYWARD. The Botanist's Pocket-Book, containing 
in a tabulated form, the Chief Characteristics of British Plants, 
with the botanical names, soil or situation, colour, growth, 
and time of flowering of every plant, arranged under its own 
order ; with a Copiou? Index. By W. R. Hayward. Crown 
8vo. Cloth limp, 4r. 6^. 

STOCKHARDT. Experimental Chemistry, founded on 

the Work of Dr. Julius Adolph Stockhardt A hand-book 

for the study of the science by simple experiments. By C. W. 

Heaton, Professor of Chemistry in the Medical School of 
Charing Cross Hospital. Post 8vo. ^s, 

BONNEY (T. G.) Cambridgeshire Geology. A Sketch 

for the use of Students. By T. G. Bonney, F.G.S., &c.. Tutor 
and Lecturer in Natural Science, St John's ColL Cambridge 
8vo. 3J. 

FOSTER (B. W.) Double Entry Elucidated. By B. 

W. Foster. Seventh edition, 4to. %s, 6d, 

CRELLIN (P.) A New Manual of Book-keeping, com- 
bining the Theory and Practice, with Specimens of a set 
of Books. By Phillip Crellin, Accountant Crown 8vo. 3/. 6d. 

This volimie will be found suitable for merchants and all 
classes of traders : besides giving the method of double entry, 
it exhibits a system which combmes the results of double entry 
without the labour which it involves. 
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PICTURE SCHOOL BOOKS. Written in simple language, and 
with nmnerous illustrations. Royal i6mo. 

SCHOOL PRIMER. 6d. 

SCHOOL READER. By J. Tilleard, Hon. Member of and 
Examiner to the College of Preceptors. Numerous Illustrations, xs. 

POETRY BOOK FOR SCHOOLS, is, 

THE LIFE OF JOSEPH, is. 

THE SCRIPTURE PARABLES. By the Rev. J. E. 
Clarke, is. 

THE SCRIPTURE MIRACLES. By the Rev. J. E. 
Clarke, is. 

THE NEW TESTAMENT HISTORY. By the Rev. 
J. G. Wood, M.A. IS. 

THE OLD TESTAMENT HISTORY. By the Rev. J. 
G. Wood, M.A. I*. 

THE STORY OF BUNYAN'S PILGRIM'S PRO- 
GRESS. IS. 

THE LIFE OF CHRISTOPHER COLUMBUS. By 

Sarah Crompton. is. 

THE LIFE OF MARTIN LUTHER. By Sarah Cromp- 
ton. IS. 

GRANT. Course of Instruction for the Young, by the late Horace 
Grant. 

Arithmetic for Young Children. A Series of Exercises ex- 

empliiying the manner in which Arithmetic should be taught to Young 
Children, is. 6d. 

Arithmetic. Second Stage. For Schools and Families, 
exemplifying the mode in which Children may be led to discover the main 
principles of Figurative and Mental Arithmetic. i8mo. 3;. 

Exercises for the Improvement of the Senses, and providing 
instruction and amusement for Children who are too young to learn to read 
and write. i8mo. • i*. 

Geography for Young Children. With Illustrations for 
Elementary Plan Drawing. i8mo. 2s. 

These are not class-books, but are especially adapted for use by* teachers 
who wish to create habits of observation in their pupils and to teach them 
to think. 

BOOKS FOR YOUNG READERS. In Eight Parts. Limp 
Cloth. Zd. each ; or extra binding, is. each. 

Part I. contains simple stories told in monosyllables of not more than four 
ctters, which are at the same time sufficiently interesting to preserve the 
attention of a child. Part II. exercises the pupil by a similar method in 
slightly longer easy words ; and the remaining parts consist of stories 
graduated in difficulty, until the learner is taught to read with ordinary 
lacility. 
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For Schools and Parochial Libraries, 

The popularity which the Series of Reading-Books, known as 
"Books for Young Readers,** has attained is a sufficient proof that 
teachers and pupils alike approve of the use of interesting stories 
with a simple plot in place of the dry combinations of letters and 
syllables, making no impression on the mind, of which elementary 
reading-books generally consist. There is also practical testimony 
to the fact that children acquire the power of reading much more 
rapidly when the process involves something more than the mere 
mechanical exercise of the faculties of sight and memory. 

The publishers have therefore thought it advisable to extend the 
application of this principle to books adapted for more advanced 
readers ; and to issue for general use in schools a series of popular 
works which they venture to think will in practice be found more 
adapted for the end in view than the collections of miscellaneous 
and often uninteresting extracts which are generally made to serve 
the purppse. 

These volumes will be printed in legible type, and strongly bound 
in cloth, and will be sold at i^. or u. 6^. each, post 8vo. 

Now ready, 
MASTERMAN READY. By Captain Marryat. u. ed, 
PARABLES FROM NATURE (selected). By Mrs. Gatty 

fcap. 8vo., is. 
FRIENDS IN FUR AND FEATHERS. By Gwynfryn. is. 

The following are in preparation : — 

ROBINSON CRUSOE. 

OUR VILLAGE. By Miss Mitford (selections). 
GRIMM'S GERMAN TALES. 
ANDERSEN'S DANISH TALES. 
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